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STATEMENT
This thesis describes theoretical and experimental studies 
undertaken in the period from May, 1967 to May, 1971. All of 
the work was performed by the author, except where noted in the 
text or listed below. The actual details of the new mass spectrometer, 
described in chapter IV, were decided on after discussion with the 
author's supervisor, Dr W. Compston, and the machinist who was to 
build the instrument, Mr F. Burden. All preparation of machine 
drawings was the responsibility of the author. Testing of the 
system, the results of which are given in chapters IV and V, was 
carried out jointly with Dr Compston.
STEPHEN W.J. CLEMENT
ABSTRACT
The basic contention of this thesis is that the concepts and 
techniques of beam transport theory ca,n be usefully applied to mass 
spectrometer design. Most important aimong these concepts is that 
of the beam emittance, which is the area occupied by the ions of 
the beam in a phase space defined by the transverse (y or z) 
displacement and the corresponding conjugate momentum. It can be 
shown that the emittances in both y and z phase spaces are finite 
and that, for surface ionization sources, their magnitude is due to 
the initial Maxwellian velocity distribution of the thermal ions.
For maximum transmission these emittances must be matched to the 
phase space acceptances of the magnetic analyser and collector system.
A theoretical study has led to the design of a system, consisting 
of three quadrupole lenses, which should provide the required matching 
between ion source and analyser. Such a system can be expected to 
yield high ion transmission efficiency, of the order of 60 per cent, 
and to function in a predictable manner. A mass spectrometer 
incorporation of the above theoretical focussing system has been 
constructed and tested. The results of these preliminary tests 
indicate that the instrument is functioning approximately according
to expectations.
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INTRODUCTION
This thesis is an attempt to obtain greater sensitivity from the 
mass spectrometers used for isotopic analysis in geochronology by 
improving their ion transmission. Such a project can be justified 
generally by the desirability of having the largest possible signal 
in order to achieve higher precision in the measurements. In addition, 
the amount of sample which can be successfully handled in a single 
chemical disolution is found in practice to be limited by the quantity 
of reagents required and the consequent risk of contamination. This 
means that instrument sensitivity imposes a lower limit on the natural 
abundance, in the rock samples being analysed, of the element in 
question. This restriction has Inhibited the application of total-rock 
geochronology to basic or ultrabasic rocks.
More particularly, this project was motivated by the wish to 
overcome problems arising in the study of lead isotopes in rocks. For 
lead ores, with large quantities of lead available for analysis, the 
sample can be introduced into the mass spectrometer as a gas, e.g. lead 
tetramethyl, and ionized by electron bombardment. In the case of rocks 
having trace quantities of lead, however, it is necessary to adopt 
a single filament thermal ionization technique. This method suffers 
from a number of distinct deficiencies, notably the sensitivity of the 
ionization process to impurities in the sample and the difficulty of 
building up a stable and intense ion beam. These factors have resulted 
in a high proportion of unsatisfactory runs and a relatively small 
data output compared with the Rb-Sr or K-Ar methods. It was hoped 
to improve on this performance by purchasing a mass spectrometer with 
a direct insertion probe permitting a volatile solid compound of the
sample to be inserted and evaporated in the immediate vicinity of 
the ionization region of an electron bombardment type of ion source.
This approach was expected to result in simpler sample preparation 
and more reliable behaviour during a run. At the same time, it was 
feared that the sensitivity might be inadequate to analyse samples 
as small as those which could be handled by the then current 
techniques. The author's primary concern, therefore, was to regain 
the anticipated loss of sensitivity by improving the transmission 
efficiency of the ion source; that is, by preventing the loss of ions 
due to collisions with collimating slits or other obstructions.
On his arrival at the A.N.U., the author, under the supervision of 
Dr W. Compston, who was responsible for the original conception of the 
project, began a review of the existing ion optical theory. During 
this period (the latter half of 1967) a commercial mass spectrometer, 
an A.E.I. MS-12, was chosen and ordered. Since this machine could not 
be delivered before late 1968, a preliminary reconstruction of an 
older commercial instrument, the A.E.I. MS-2, was undertaken in order 
to test the envisaged design of a new focussing system. The results 
of this work, outlined in chapter I, did not conform to predictions and 
led to a further intensive review of the theory. In the course of this 
study the author became aware both of the inadequacy of conventional 
ion optics to treat the problem and of the power of the phase space 
formulation used in high energy beam transport theory. An introduction 
to this theory is given in Chapter II.
By the time these conclusions had been reached, the MS-12 had 
arrived and been installed. Initial tests by Dr Compston indicated 
that, contrary to expectations, the sensitivity of the new machine was 
quite good enough. It was therefore decided that the writer should
Vpursue his theoretical development of the ion transmission problem, 
and try to build a mass spectrometer in which the ion beam was 
controlled in a predictable and efficient manner. The original 
project with the MS-12 has been carried on by Dr Compston and Dr 
V. Oversby.
Chapter III defines the final goal of the revised project in 
terms of beam transport theory and traces the search for a solution to 
the problem thus posed. The actual design of a new instrument from the 
theoretical results is outlined in chapter IV, along with a description 
of the experimental performance of individual parts of the machine.
In chapter V success of the application of beam transport theory 
is discussed, and some implications for future mass spectrometer design 
suggested.
The author would like to take this opportunity to express his thanks 
to a number of people who made very significant contributions to the 
success of this work. First among these is Dr W. Compston, for his 
helpful advice and assistance throughout the project and, in particular, 
for encouraging the work when its object had diverged from the original 
aim. Special recognition is due to Mr F. Burden, of the Research 
School of Physical Science Precision Workshop, for his contributions 
to the engineering aspects of the design and, most of all, for his 
exceptional craftmanship, without which this project could not have 
been successfully completed. Recognition and appreciation must also 
be given to Mr E. Penikis, whose assistance made it possible for the 
author to concentrate on mechanical design without concern about 
electronic instrumentation.
Throughout the course of this study the author has enjoyed the 
generous support of an Australian National University Postgraduate
Scholarship.
CHAPTER I - PRELIMINARY INVESTIGATIONS
In this chapter the results of the first two years spent by the 
author at the A.N.U. are briefly described. Only the investigations 
and conclusions relevant to the later course of the work described in 
this thesis has been included. Since, as mentioned in the Introduction, 
the goal of the project was altered somewhat at the end of this period, 
a number of activities which absorbed considerable time and effort are 
not discussed. These were mostly concerned with lead chemistry, 
ionization processes and the choice of a new mass spectrometer to be 
purchased. The material which has been included is related to the use 
of ion optics to improve the transmission of ions through the source.
1.1 SENSITIVITY AND TRANSMISSION EFFICIENCY IN A SECTOR FIELD MASS
SPECTROMETER
A sector field mass spectrometer is an instrument for separating 
charged particles of different mass and measuring the abundance of 
each. Other types of mass spectrometers exist (descriptions of their 
operation, characteristics, and applications are given in the text by Roboz 
(1968)), but the sector field instruments are the most common. Their 
high resolution and stability make them particularly suitable for 
precise isotope ratio measurements in geochronology. Figure 1 outlines 
the operation and components very briefly. Ions are formed in the 
source at S by any one of a number of processes, such as electron 
bombardment, thermionic emission or arc discharge, and are accelerated 
through some voltage V toward the source defining slit. They emerge 
from this slit as a slightly divergent beam which is deflected by the 
magnet, the amount of deflection being dependent on the momentum of
the particle, thus producing a separation according to mass. The
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2magnetic field also has the effect of refocussing the separated beams, 
one of which is allowed to pass through the collector slit into 
a Faraday cup where an electrometer measures the current. This very 
much simplified description will suffice for the discussions to follow, 
but for a more thorough treatment a number of texts, such as Roboz 
(1968), McDowell (1963), or Barnard (1953), can be consulted.
Sensitivity in a mass spectrometer may be defined as the ratio 
of the number of ions of a given mass which reach the collector to 
the number of molecules of corresponding mass introduced into the 
instrument. In a study of this sensitivity, or efficiency, two factors 
must be distinguished:
i) Ionization efficiency; the fraction of sample 
molecules ionized.
ii) Transmission efficiency; the fraction of ions of a 
particular isotopic species which is measured at the 
collector.
The first of these is obviously a function of the particular ionization 
process involved and the method used to admit the sample to the 
ionization region. In this work we will not be concerned with this 
factor except to the extent that the chosen ionization method effects 
the transmission. The scope of the project has thus been arbitrarily 
limited from the outset to an attempt to understand and improve the 
transmission efficiency of mass spectrometers. Furthermore, only 
ionization by thermal emission from a surface has been considered, 
primarily because this is the method found most useful for the work 
of this laboratory and because the sample handling techniques are 
reasonably simple. Small glass bead triple filament assemblies, of 
the type used with the Craig (1959) source, have been found so
convenient that their retention was desirable. Hence all the work done
3has been based on this particular form of ionization and the 
limitations which it imposes have been accepted.
Transmission efficiency in conventional mass spectrometers is 
generally estimated to be poor, in the range 1 to 10 per cent 
(Davis (1965) and Melton (1966)). Beam losses may arise from 
collisions with focussing and collimating slits, with the walls of the 
analyser tube, and even with suppressor plates in the collector region. 
Although most attention has been given to the problem of controlling 
the ions in the xy plane (the plane in which the magnetic deflection 
takes place, as shown in figure 1, with x the direction of beam 
propogation), workers such as Shields (1967), Cuthbert et al (1964), 
and Dietz (i960) have demonstrated that some thought should be given 
to the z direction. Provision of z-focussing is claimed by these 
authors to improve the sensitivity by factors of from three to ten.
Aside from the obvious advantages of increased sensitivity, 
a number of other positive gains should result from improved beam 
control, since instabilities and poor performance may be due to 
charging of insulators, polarization of electrodes, and emission of 
secondary electrons. All of these effects can be directly attributed 
to bombardment by high energy ions.
1.2 ION OPTICS AND MASS SPECTROMETERS
An analogy may be drawn between the deflection of the trajectory 
of a charged particle by electromagnetic forces and the refraction 
of rays of light. Certain electrostatic or magnetic field 
configurations can be shown to correspond to different optical 
components such as lenses, mirrors and prisms. This analogy has been 
developed into the formalism of electron, or ion, optics and has been 
profitably applied wherever beams of charged particles must be controlled.
4Notable examples are electron microscopy and the television industry. 
Grivet (1965) gives a good introduction to all aspects of the theory and 
its applications. In this section, however, only those topics which 
will be of direct interest for this work will be reviewed.
First, a few comments on notation and sign convention should be
made :
Notation: Where the subscript 'o' appears on optical
parameters, it refers to object space, while ' i' denotes 
image parameters.
Sign Convention: All distances in object space are measured
positive toward the left from the entrance plane of the lens.
All distances in image space are measured positive toward the 
right from the exit plane.
The matrix formulation of geometrical optics will be used throughout 
this discussion, so it is appropriate to begin by defining the basic 
methods, symbols and equations which will be encountered. Regenstreif 
(1967) provides a concise but more complete treatment than that given 
below.
An optical system can be subdivided into a number of different 
components, of which the most common are drift lengths and lenses.
These components can be represented by linear transformations, as shown 
below, so long as the gaussian, or paraxial, approximation holds.
This condition requires that the rays, or trajectories, make only small 
angles with the axis of propagation and remain close to the axis.
Second and higher order terms in the equations of motion may then be 
ignored.
Drift lengths are simply field free regions in which there are 
no forces acting on the ions, hence they travel in straight lines.
Figure 2 shows, in the xy plane, a particle starting with displacement
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5y and angular divergence from the x axis y'^. It travels a distance 
D in the x direction, after which it has displacement y^ and angular 
divergence y ’ . The equations of motion are
y2 = yi + y i D
(1.1)
y '2 = y ’l
or in matrix notation
y^
.y
1 D\ / y]
>o 1/ V y '
yi
y
(1.2)
to symbolize a trajectory orThe use of a column vector such as 
ray is one of the most useful concepts in the matrix notation. As 
indicated by the equations, in a drift length the angular divergence 
remains constant while the displacement from the axis is equal to the 
product of the drift length and the angular divergence.
The simplest form of lens is the thin lens, in which the entire 
focussing action can be thought to occur at a single plane perpendicular 
to the optic axis (the axis of transmission). In this case the 
transverse displacement is unchanged but the angular divergence is 
altered by an amount proportional to the displacement and inversely 
proportional to the focal length f of the lens. Figure 3 illustrates 
the situation, while the corresponding equations are
(1.3)
(1.4)
Thick lenses are the more general type of focussing element.
Any system of thin lenses can be represented by a single thick lens,
6which may in turn be represented mathematically by the linear 
transformation
The a^'s are related to the lens parameters, shown in figure 4, by 
the following equations:
h
o
(i a22)
h .l
(1 ail^
'21
(1.6)
(1.7)
(1.8)
Turning to the application of ion optical theory to mass spectrometry,
one finds that the greater part of the work, as reviewed by Kerwin (1963),
has been on the operation of the magnetic analyser. The problem of 
transmission within the source region remains, despite the work by 
investigators such as Nier (1940, 1947), Vauthier (1950), Barnard (1953) 
and Naidu and Westphall (1966 A,B), rather poorly understood, at least 
quantitatively. Much of the obscurity is a consequence of the particular 
type of lens normally used in ion sources, the immersion slit lens.
The operation of these lenses will be considered below.
Figure 5 indicates the nature of the electrostatic field in an
immersion slit lens. The term 'immersion' refers to the fact that the 
lens is associated with regions permeated by electric fields E and E .
EL D
Although either field may be zero, if both disappear no focussing 
action can occur. Such a lens cannot, therefore, be isolated from these 
accelerating fields. In the case illustrated, the penetration of the 
equipotentials of the stronger field E^ through the slit produces 
transverse potential gradients which satisfy the focussing condition
SLIT PLATE
FIG. 5 IMMERSION SLIT LENS.
FIG.6 SYSTEM OF SLIT LENSES.
7(see appendix A) in the region of the x axis. This type of lens is 
employed in mass spectrometer ion sources because it is simple and 
compact, combining the functions of accelerating and shaping the beam. 
There are, however, a number of important deficiencies:
i) The region in which gaussian focussing conditions 
hold is limited to the immediate vicinity of the 
optic axis (the center of the slit), whereas in most 
mass spectrometers the beam probably occupies the entire 
width of the slit, resulting in aberrations.
ii) Slit lenses do not lend themselves to any sort of 
quantitative analysis of their operation. Although an 
expression for the focal length exists (Davisson and 
Calbicks (1931)) and is quoted in the literature, it 
i3 useful only under very restrictive conditions. As 
given by Barnard (1953), these are; slit plate thickness 
must be small compared to the slit width, the slit width 
must be small with respect to the spacing between plates, 
slit length must be much greater than the width of the 
slit or the length of the beam in the z direction and, 
finally, the penetration of the field through the slit 
must not be large. These conditions are obviously rather 
subjective, making it difficult to know when the Davisson- 
Calbicks formula may be expected to apply.
iii) As has been mentioned, the slit lens cannot be isolated 
from the regions of uniform field E and E . In these
Si D
regions the trajectories of the particles will be 
parabolic, hence they cannot be treated as drift lengths.
In fact, since the equations of motion are nonlinear, 
they do not fit into the framework of matrix optics at all.
8Some implications of the parabolic trajectories are discussed 
in appendix B.
iv) In a system of slit lenses, such as that shown in figure 6, 
it is impossible to vary a single lens independently.
Altering voltage V0 in the diagram changes both and E^ , 
producing new focussing conditions at S^, and 
Several authors, among them Vauthier (1950), Dietz (1959), Naidu and 
Westphall (1966 A, B) and Loveless (1967), have used the methods of 
trajectory plotting to interpret the operation of various specific source 
geometries. This approach, however, does not lend itself to solving 
what Naidu and Westphall (1966 C) term the 'inverse problem of particle 
motion', which is the deduction of a focussing arrangement to produce 
the optimum performance of the source and analyser. It should be noted 
in passing that it is the opinion of the author that Naidu and Westphall's 
claim to have solved this problem is invalid. They have treated only 
a mathematical abstraction without sufficient basis in reality. In 
particular, their initial conditions assume no energy spread in the ions 
as they are formed, whereas it is a contention of this work that such 
energy spread exists and is of paramount importance.
The conclusion drawn from the above discussion is that a conventional 
ion source with slit lenses will provide focussing of the beam but we 
cannot be assured of producing an image of a predetermined size. We 
have even less control over the angular divergence. Generally, the 
procedure in designing a source is to include defining and collimating 
slits to ensure satisfactory input to the analyser and then to empirically 
adjust the focussing potentials for maximum beam. Under these conditions, 
it is seldom possible to analyse the performance in detail or to 
estimate how much beam is being lost.
9With regard to focussing in the xz plane, all of the above 
strictures apply to the use of slit lenses. It is particularly 
difficult to satisfy the requirements in ii), due mainly to the 
relatively large width of the beam in the z direction.
Having summarized the problems associated with the application of 
immersion slit lenses in mass spectrometers, we will in the next section 
go on to consider an alternative focussing arrangement, the quadrupole, 
or strong focussing, lens.
1.3 QUADRUPOLE LENSES
Quadrupole lenses have been known and used in nuclear physics, 
since first introduced by Courant et al (1952), for focussing beams of 
high energy particles. A good review of the theory and application of 
strong focussing lenses is given by Septier (1961). Both magnetic and 
electrostatic types exist but, since the magnetic lens action is slightly 
mass dependent, only the electrostatic class has been used in mass 
spectrometry.
The focussing action of an electrostatic quadrupole lens arises 
from a potential distribution of the form shown in figure 7, where the 
equipotentials are families of hyperbolas given by
Heavy broken lines are used in figure 7 to indicate the surfaces of 
circular electrodes of radius R^ = 1.125a, where a is the half width 
of the aperture of the lens. Such electrodes produce a satisfactory 
approximation to the exact hyperbolic field (Septier (1961); p.l6l).
The field distribution corresponding to equation (1.9) is
(1.9)
E = - K ( y i - z k ) (1.10)
From (l.lO) it may be seen that we have transverse forces satisfying
the focussing condition; viz., that they are proportional to the
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distance from the x axis, in two orthogonal directions but that in one 
direction they are directed toward the axis and in the other away from 
it. In other words, the quadrupole may be considered as two lenses; 
one acting in the xy plane and one in the xz plane; one convergent 
while the other is divergent. Furthermore, as shown in appendix A, the 
particular symmetry of the field is such that the focussing conditions 
hold over the entire aperture defined by the pole tips. This is in 
contrast to the slit lens.
Since the equations of motion have been solved by several authors 
(Septier (1961); Banford (1966)), there is no need to repeat the 
demonstration, but we will indicate the results. The transformations
are linear and may be written as matrices 
/ cos r L jg sin
Tc = f\ —p  sin pL cos pL
cosh -p sinh
sinh g^L cosh pL
(1.11)
(1.12)
where T and T refer to the convergent and divergent planes 
U JJ
respectively. L is the effective length of the lens, the length over 
which the entire field may be thought to act on the particles and outside 
of which the field is taken as zero. Because of fringing fields, L is 
usually greater than the actual physical length 1. The parameter E is
given by
o
Here a is the aperture half width, V is the lens voltage and 
the accelerating voltage.
These matrices represent thick lenses with the following 
parameters:
(1.13)
is
111
Z8 sin y&L
hoC ~ hiD
cos
yB sin y&L 
for the convergent plane and
(1.14)
(1.15)
h .p. = hoD lD
sinh
1 - cosh J3l>
yB sinh BL 
in the divergent plane.
For most of the work described here we will wish to operate with 
the thin lens approximation. This condition can be assumed for 
ySL fr 0.2 (Septier (1961), p. 107). We can then put
(1.16)
(1.17)
-f, 1A (1.18)
and
That is, to a good approximation the focal 
while the principal planes coincide at the 
transformation matrices then become
(1.19)
lengths are equal and opposite, 
center of the lens. The two
(1.20)
(1.21)
and we may characterize the lens by a single parameter f, understanding 
that one plane is convergent and one divergent.
Quadrupole lenses are most commonly used in combinations of more 
than one. The simplest system is the doublet, consisting of two lenses 
arranged in series along the x axis so that in one plane, xy or xz, the 
first lens is convergent and the second is divergent. This plane is 
referred to as the CD plane. The other is the DC plane. A quadrupole
12
doublet can be used to produce a system convergent in both planes if 
desired. Generally, the two lens strengths can be adjusted to give 
different focal points in the two orthogonal planes, although the 
amount of stigmatism which can be achieved is not unlimited (Goodrich 
(1963)).
Giese (1959) first used a quadrupole doublet to produce the wedge 
shaped beam required as input to a magnetic analyser. He made the 
following assumptions concerning the nature of the ion optical parameters:
i) The beam at the entrance to the quadrupole lens system 
is parallel to the x axis in both xy and xz planes.
That is, the object in both planes is at infinity.
ii) In the xy plane, the focal point of the doublet will 
coincide with the source defining slit, not far from 
the exit of the lens system. Since the input is a 
parallel beam, the image, neglecting aberrations, 
should be an infinitessimally narrow line.
iii) In the xz plane, the system focal point will be at 
infinity, resulting in an output beam parallel to the 
x axis.
Figure 8 shows the physical arrangement of a quadrupole source of the 
type pioneered by Giese. In this case the ionization process is 
electron bombardment. The ions thus formed are accelerated through 
a stack of circular electrodes. Fine wire grids, intended to prevent 
the penetration of the strong accelerator fields into either the 
ionization region or the lens system, close both ends of the stack.
The beam then passes through the strong focussing lens doublet and 
into the magnetic analyser.
With this arrangement, Giese was able to achieve a line width in 
the xy plane of about .64 mm and a considerable increase in sensitivity.
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Since, theoretically, a perfect line focus should be obtained, Giese 
attributed the residual image width to the presence of the grids 
across the entrance and exit of the accelerator stack.
A number of other workers (Kinzer and Carr (1959), Goodrich (1963), 
Baril and Kerwin (1965), Dymovich and Osipov (1965) and Fishkova et al 
(1968)) have constructed ion sources with strong focussing doublets 
similar to that of Giese. Graphical data to simplify the design have been 
published by Lu and Carr (1962).
In summary, it is the author's opinion that quadrupole lenses offer 
three particular advantages over the slit lenses normally employed in 
ion sources. These are:
i) The entire aperture is useful, since the focussing 
conditions are not limited to the vicinity of the optic 
axis .
ii) One can hope to understand and predict, at least approximately, 
the action of the focussing system.
iii) By using a doublet, control of the beam in both xy and 
xz planes can be achieved simultaneously.
1.4 DESIGN OF A QUADRUPOLE DOUBLET ION SOURCE
In view of the conclusions of section 1.3, it was decided to build 
a source, similar to that of Giese, using quadrupole lenses. However, 
since measurements of isotope ratios in rubidium, strontium or lead 
requires relatively high resolution, a decrease in the width of the 
image in the xy plane was desired. The width envisaged was of the 
order of 0.125 mm. To achieve this improvement, two changes from 
Giese's design were made, both based on the fact that the source 
would utilize thermal ionization rather than electron bombardment:
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i) Grids were eliminated from the accelerator stack. Giese 
believed that grids caused the residual beam width in 
his system but, because his input beam was wide (9.5 mm), 
they were required to prevent penetration of accelerating 
fields into the lens and ionization regions. With surface 
ionization on a filament only 0.76 mm wide the beam is 
much more restricted and it should be possible to terminate 
the accelerator with a slit narrow enough to prevent the 
field extending too far.
ii) The ionizing filament was located in a strong accelerating 
field. This serves two purposes. First, it eliminates 
any need for a grid at the entrance to the accelerator 
and, secondly, the ions are swept away before they have
a chance to deviate far from the optic axis under the 
influence of their initial transverse energy. Because 
the ions are formed on the filament surface, an 
equipotential (approximately), the presence of a large 
potential gradient will not result in an increased energy 
spread, as it would in an electron bombardment source.
Based on the above ideas, a prototype source was designed to be 
installed in the rather obsolete Metropolitan-Vickers MS-2. A sketch 
of the layout adopted is shown in figure 9. Actual dimensions were 
largely dictated by available space and by the size of the standard 
triple filament bead in use in this laboratory.
A separate analysis of the expected performance of the accelerator 
and focussing system will now be given. The accelerator was intended to 
provide a uniform accelerating field from the ionizing filament to the 
exit slit. Thus the voltages on the plates decreased in equal steps 
from 2000 V on the R plate to groimd on the exit slit plate. The
ACCELERATOR
PLATES
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EXIT SLIT
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filament voltage was 1750 V, corresponding to the equipotential midway 
between the R and D plates and hence disturbing the field as little as 
possible. Shields were provided on the R and D plates to prevent 
evaporated material from the filament forming a conducting film on the 
quartz insulators. A field plot using a conducting paper analogue 
(Dietz (1959)) indicated that the presence of the shields did not disturb 
the uniform potential gradient in the region of the optic axis.
To assist in achieving the parallel output beam, provision was made 
to adjust all the plate voltages in the accelerator stack, thus obtaining 
a limited amount of focussing. The Z plate was actually a pair of half 
plates forming a wide (12.7 mm) aperture slit with its axis in the xy 
plane. Similarly, the D plate was a pair of half plates with edges 
parallel to the z axis. Both D and Z plates could be biased to produce 
beam deflection in the y and z directions respectively.
Finally, the accelerator exit slit was an aperture 2 mm wide by 
25.4 mm long, with the long axis parallel to the z axis.
Turning next to the operation of the quadrupole lens system, this 
was analysed according to the procedure of Lu and Carr (1962) and using 
graphical data provided by them (note that the labels of the parameters 
are as defined in figure 9 and do not correspond to those used by Lu and 
Carr). The effective length L of each lens is calculated according to 
the formula (Giese (1959))
L = 1 + ±a (1.22)
where 1 is the actual length of the lens electrodes and a is the 
aperture half width. Using the dimensions from figure 9, we get 
L = 21.4 mm
and the spacing between lenses is 
S = 11.1 mm
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The distance D from the exit plane of the lens system to the defining 
slit is then
D = 132.5 mm
Lastly, the dimensions of the beam at the entrance of the lens are 
taken as
Y = 2.0 mmen
(from the width of the accelerator exit slit) and
Z = 6.4 mmen
(from the length of the ionizing filament).
From the graphs of Lu and Carr, for the xy plane a CD combination 
(first lens convergent, second divergent), we can derive a set of 
operating characteristics for the lens system described above. First, 
the semi-angle of divergence in the xy plane is 
OC = .005 rad.
The height of the beam in the z direction at the lens exit is
Z = 8 . 8  mmex
which should fit comfortably in the analyser tube's internal height of 
9.5 mm. The approximate lens strengths are given as
/ h  = -°23
and
P 2 = .020
Equation (1.13) then permits us to calculate the voltages which should 
be required:
V = 151 V
V2 = 113 V
This ion source was built, installed and tested. In the next section
the results and observations will be described. The conclusions drawn
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from these trials will be discussed in the final section, 1.6.
1.5 RESULTS
For convenience of later reference, the principal observations 
are listed below.
a. The resolution of the instrument was initially poor, being 
incapable of producing flat topped peaks with source and collector 
slits set at 0.127 mm and 0.64 mm respectively. Satisfactory resolution 
was achieved only after inserting a collimating slit which restricted 
the semi-angle of divergence to 0.0175 rad. (l°). This indicated that 
the divergence of the beam was much greater than the + 0.005 rad. 
predicted by the theory, as outlined in the previous section.
b. The quadrupole lens controls were dependent on the z deflection 
control setting, the focussing voltages increasing as greater deflecting 
voltage was applied. Furthermore, on several occasions when single 
filament runs were being made, it was observed that the beam intensity 
had two maxima with respect to the z deflection setting. As the filament 
temperature was increased, greater deflecting voltages, of opposite 
polarities, were necessary to optimize either of these maxima. This
was interpreted as indicating that the sample load had burned off the 
hottest area at the center of the filament and that the ions were 
coming from two separate regions on either side of center. We are 
dealing, in effect, with two ion beams whose displacement from the x 
axis increases with temperature and/or time. This would appear to 
indicate that, in spite of the z-focussing properties of the quadrupole 
lens system, we were collecting ions from only a small segment of the 
total filament length.
c. A significant difference existed between the experimental lens 
voltages and those predicted theoretically, as given in section 1.4.
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Generally, the experimental values were larger than the theoretical ones 
by a factor of three. Because of the dependence on z deflection 
described in b above, it was difficult to find average values of the 
experimental voltage settings which would be meaningful for analysis of 
the operation. It was decided instead to use the voltages, estimated 
from the dial settings, for a single run in which there was no z deflection 
required. Settings were recorded with electrical connections arranged 
to make the xy plane a CD combination and then again as a DC system.
This procedure was repeated several times to arrive at the figures below: 
For the xy plane a CD combination
V1 = 447 t 20 V Y2 = 285 ^ 20 V
and for a DC combination
V = 267 + 20 V V2 = 365 + 20 V
The uncertainty of + 20 V assigned to the above figures is an estimate 
of possible error in converting dial settings to voltages, combined with 
the range of variation in repeated focussing adjustment.
d. Finally, it was noted that the ability to adjust the voltages on the 
D, Z and F accelerator electrodes contributed neither to the sensitivity 
nor to an understanding of the source operation. Any gain in 
sensitivity achieved by altering these controls from the uniform field 
positions was invariably offset by a loss of resolution. At the same 
time, the focussing action of these slit lenses added an indeterminate 
factor to the problem of analysing the ion optics of the source.
1.6 CONCLUSIONS
From the results described in section 1.5, particularly points a 
and c, it is evident that the theory which has been used to describe 
the operation of a quadrupole doublet in an ion source is inadequate.
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A close examination of the theory reveals a basic assumption to be false. 
The postulate in question is that the beam at the entrance to the lens 
system is parallel to the x axis in both xy and xz planes. Instead, it 
can be shown that the object distance in both planes is finite. For 
proof of the above assertion, let us consider the trajectory of 
a charged particle emitted into a uniform electrostatic field. The 
path of the particle will be parabolic and, to a good approximation, the 
vertex of the parabola will lie on the emitting surface (Grivet (1965) 
p. 62). It can be shown (see appendix B) that at any point (x,y) on 
a parabola with vertex at the origin, the slope is such that its 
projection will intercept the x axis at point P(-x,0), as indicated in 
figure 10. In other words, to an observer at (x,y) the ion will appear 
to have travelled in a straight line from a point P at a distance 2x 
back along the axis.
Considering our particular application more specifically, the beam 
is accelerated in a uniform field, passes through an exit slit and 
emerges into a region of field free space in which the trajectories are 
straight lines. In both the xy and xz planes, just before entering the 
slit lens the beam appears to come from a point twice the distance d
cl
from the exit slit. Figure 11 illustrates the situation. In the xy 
plane, the exit slit a.cts as a divergent lens (see appendix B) with 
focal length such that the slope of each trajectory is exactly doubled, 
and the emergent beam appears to originate at the filament. In the xz 
plane, provided that the slit is long compared to the beam width, there 
should be no focussing action and the apparent origin of the beam will 
remain unchanged. The quadrupole lens system, therefore, sees a 'virtual 
object', in each plane, whose object distances are; 
in the xy plane,
doy d + d, a b (1.23)
FILAMENT
SURFACE
FIG. 10 ION TRAJECTORY IN UNIFORM
ELECTRIC FIELD
XY PLANE
^O Z
XZ PLANE
FIG. 11 OBJECT DISTANCES IN 
QUADRUPOLE SOURCE
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and in the xz plane,
d - 2d + d, (1.24)oz a b
d^ is the distance from the exit slit of the accelerator to the object 
principal plane of the first lens, which can be assumed to coincide 
with the mid-point of the lens if thin lens conditions hold. The value 
of these quantities in the source under discussion were;
da = 44.5 mm
db = 32.9 mm
and from equations (1.23) and (1.24), we find the object distances to
have been;
d°y = 77.4 mm
doz = 121.9 mm
From the data for the lens strengths, given in section 1.5, it is
possible to verify approximately the theoretical deductions shown above
For any simple system of two lenses, such as illustrated in figure 12,
we have the thin lens equation:
1 + 1 _ 1 (1.25)
U1 V1 ^
_1 + 1 _ 1
U2 U2 f 2
It can readily be shown that
fl(dv2 - f2U  + v2)) (1.26)U1 (dV2 " f2(d + v2)) - fl(v2 - V
Considering only the xy plane for the moment, the above equation 
must hold for both the case when the lens system forms a CD combination 
and the alternative DC arrangement. This gives two simultaneous 
equations which may be solved for two unknowns. Assuming the image in 
the xy plane to be formed at the source defining slit, we can put
FIG. 12 SYSTEM OF TW O LENSES
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v_ = d. = 143.2 mm2 iy
Also, both and f are functions of the effective length L of the 
quadrupole lenses, according to equations (1.14) and (1.16), from 
which we have, for xy a CD plane:
fl /S1 sin
f = _ ---- -------2 ß0 sinh
(1.27)
From the experimental voltages and (1.13), again for the xy plane a CD 
combination, we can calculate that 
p i = .0795
P 2 = .0636
Similarly, for the xy a DC plane :
^1 ß sinh L
t = ____I_____2 P2 sin /B2L
and
(1.28)
ß, = .0616
ß2 =  .0718
We may choose to solve for u^ (or d ) and L graphically by 
evaluating (1.26) for a range of L, thereby generating two sets of d , 
corresponding to both lens arrangements. The curves are shown in figure 
13. The solution indicated by the intersection is 
d = 7 2.6 mmoy
L = 20.3 mm
which are in good agreement with the theoretical values for both dQ^ 
(77.4 mm) and L (21.4 mm).
300
FIG. 13 GRAPHICAL SOLUTION FOR
d0y AND L
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In the xz plane we also have a pair of simultaneous equations
analogous to those above. These we choose to solve for u, = d and1 oz
v^ = d^z, substituting values of f^ and f calculated using the 
experimental lens voltages and the L derived above. Figure 14 shows 
the resulting curves, the intersection of which is
doz = 194 mm
d.1Z = 602 mm
The agreement with the theoretical value of d (121.9 mm) is not 
so marked as for dQ^, although it is still sufficient to emphasize the 
fact that the object distances are finite. The most probable explanation 
of the discrepancy is that we do not, in fact, have a pair of simultaneous 
equations, since there is no rigid requirement that d^^ be exactly the 
same in both cases. When dealing with the xy plane it was reasonable 
to assume that the image would be formed at the defining slit. No such 
clear cut assumption can be made in the xz plane. We can only say that 
d^^ will be long with respect to d^ , but there is no reason why the 
image position in the CD case need correspond exactly with that in the 
DC case.
An important corollary follows from the above conclusions: since 
the object distances are finite, the magnification of the lens system 
is also finite. We can no longer assume that in an aberration free 
system the image width would be vanishingly small. Rather, the beam at 
the defining slit should be a demagnified image of the object region, with 
the magnification M a function of the physical dimensions of the system.
In this particular case, considering the accelerator exit slit lens and the 
two quadrupole lenses, a value of M = 0.44 for the xy plane is readily 
deduced for a DC arrangement. For a CD case, M is even larger. Taking 
the filament width of 0.75 mm for the object, we can conclude that the
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image will have a minimum width of 0.33 mm, which is much larger than 
the desired value of 0.127 mm. It is therefore the opinion of the author 
that the residual line width, previously attributed to aberrations 
(Giese (1959), Goodrich (1963)), is primarily the width of an image of 
a finite object at a finite distance from the image system.
It follows from the above conclusion that it should be possible to 
design a system providing any desired magnification. The remainder of 
this thesis is concerned with the design and construction of a mass 
spectrometer intended to prove this hypothesis. However, at about this 
point in the investigation, the author became acquainted with the subject 
of beam transport theory. This theory provides a very suitable method 
of approaching not only the spacial magnification, but also the angular 
divergence of the beam. It was of such usefulness and interest that all 
further work was set in the framework of beam transport theory.
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CHAPTER II - BEAM TRANSPORT THEORY
This chapter is intended to present a brief introduction to beam 
transport theory and is included here, rather than relegated to an 
appendix, for reasons of continuity. No originality is claimed for the 
substance of the material, which can be found in a number of texts and 
review articles such as Banford (1966), Lichtenberg (1969), Kirstien
(1963) , Regenstrief (1967), Sternheimer (1963), Steffen (1965) and King
(1964) . The scope is limited to providing a basis for the application 
to mass spectrometer design with which this thesis is concerned. For 
a more comprehensive study of the field and its existing applications 
the reader is referred to the first two works listed above. Similarly, 
no attempt at mathematical rigour has been made and few proofs or 
derivations are given. The most complete mathenmtical treatment of 
which the author is aware is that by Lichtenberg (1969), who develops 
the subject from Hamiltonian first principles.
2.1 PHASE SPACE
The basic notion in beam transport theory is that a beam of charged
particles acted upon by electromagnetic fields in various beam handling
or ion optical devices is subject to the laws of classical statistical
mechanicso Thus an ion beam may be represented by an assemblage of
points occupying a specific hypervolume in a 6-dimensional phase space
where the coordinates of each point (x,y,z,p ,p ,p ) are given by thex y z
three spacial coordinates and their conjugate momenta for an individual 
ion. Using such a description, it becomes possible to trace the behaviour 
of the entire beam in its passage through the apparatus, instead of
following individual particle trajectories, as is normally done in
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electron/ion optical theory. This latter procedure can be deceptive, 
as it is seldom that a single group of trajectories will define the 
beam boundaries for more than a small portion of their length, while 
at the same time it is often not obvious that they have ceased to do so. 
Probably the greatest advantage gained by the use of beam transport 
theory is the insight to the nature of these boundaries and the manner 
in which they change.
Ve can reduce the mathematical and conceptual difficulties by 
dealing separately with two-dimensional subspaces, each consisting of 
a single spacial dimension and its conjugate momentum. Since only those 
subspaces associated with the transverse distribution of the beam will 
be of interest to us, we can neglect the 'x' phase space and deal only 
with the ’y * and 'z' phase planes. We will then be investigating 
separately the transformations of the phase space areas occupied by the 
beam in each of these planes at different points along the x axis.
The study of these transformations and their effect on the phase space 
areas describing the beam comprises the basis of beam transport theory.
A further useful simplication is possible if we restrict our 
attention to the case where the following two conditions hold:
i) The particles undergo no acceleration in the direction of 
propagation of the beam. That is, the momentum p^ of any 
particle is a constant independent of x. This condition 
necessitates the separate and special treatment of the 
accelerator in the subsequent application of beam 
transport theory to a mass spectrometer.
ii) The gaussian, or paraxial, condition is fulfilled. This 
means that the trajectories make only small angles with 
the x axis so that, if 0 is the angle in question, then
0 ^  sin 0 « tan 0.
26
Now the momenta p and can be written approximately (when
condition ii) holds) as p and p and hence, if p is ax dx x dx x
constant factor, we can replace the momenta as phase space coordinates 
by the corresponding angular divergences y = and z = . This
is convenient for a number of reasons; first, because the angular 
divergence is independent of the mass in most cases, while momentum is 
not; secondly, because the geometry of the system defines angular 
divergence limits directly; and finally because the point in phase space 
is now defined by a column vector (yij or ( % which is identical to that 
used in the matrix formulation of ion optics (see chapter I). We can, 
of course, revert to our original conjugate variables if necessary, but 
for the case defined above all the laws of statistical mechanics will be 
valid in a phase plane described by a spacial dimension and the 
corresponding angular divergence.
2.2 LIOUVILLE1S THEOREM
Let us consider a beam of charged particles in an apparatus 
consisting of a sequence of electromagnetic focussing devices. Suppose 
then we taken an infinitesimally thin cross-sectional slice of the beam 
at the entrance to the apparatus at time t = 0 and plot, in our transverse 
phase planes, the position and angular divergence of each ion. In each 
sub-space the points will form a bounded area and, taken together, these 
areas represent the transverse distribution of particles in the beam at 
t = 0. We wish to discover in what way the areas will change with time 
as the beam segment progresses through the various electromagnetic fields 
of the focussing system.
The first and most important law concerning these transformations 
which may be adopted from statistical mechanics is Liouville's Theorem.
In effect, this theorem states that provided the forces acting on the
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particles are external and conservative, which is the case for an ion 
beam when space charge forces can be neglected, then the density of 
points in phase space will be constant. When we speak of density of 
points in phase space, we mean the local density in the neighbourhood of 
any specified point. This density will remain constant even though the 
location in phase space of the point in question may change. Thus the 
invariance implied by Liouville's Theorem is associated with the particles 
themselves rather than with any specific coordinate position in phase 
space. Any region of constant density is free to move from one location 
to another without contradicting the theorem. Since the number of particles 
in the beam segment does not change, it follows as a corollary to 
Liouville's Theorem that the area in each phase subspace representing 
the beam is invariant under the transformations produced by the 
conservative force fields of our focussing devices. This corollary is 
sometimes referred to directly as Liouville's Theorem.
The above result is illustrated in figure 15, which shows phase 
space area A(0) at time t = 0 transformed to another area A(t) at time t.
2.3 LINEAR TRANSFORMATIONS
In section 2.2 it has been indicated that for a beam of charged 
particles acted on only by conservative forces the phase space areas 
representing the beam will remain invariant. We now wish to consider 
the effect of a particular class of mapping, the linear transformation, 
on the phase planes.
Linear transformations are of interest because we wish to combine 
our phase space concepts with the matrix formulation of ion optics.
This combination is faciliated by the fact that a point in phase space, 
as has been previously pointed out, can be represented by a column
identical to that used to define a ray in matrix
Y'
A(o)= A(t)
FIG. 15 LIOUVILLE'S THEOREM
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optics. It therefore seems reasonable to follow the optical precedent 
and analyse the focussing system by dividing it into segments, each of 
which produces a linear phase space transformation which can be described 
by a 2x2 matrix. Obviously this procedure will be much simpler than 
the formal approach of using Laplace's equation to deduce a potential 
distribution from which, in turn, a Hamiltonian can be calculated. In 
fact, for most electrode configurations, the formal procedure would be 
mathematically intractable.
For the purposes of this discussion only two types of ion optical 
element need be considered; drift spaces and lenses. The equations for 
the transformations produced by these elements, given in chapter I, for 
a drift length of length D, are
It is a property of linear transformations that the nature of certain 
curves or boundaries in phase space are preserved. Thus an ellipse, for 
instance, will be mapped into another ellipse and a parallelogram into 
another parallelogram. These two types of figure are mentioned because 
they are of special significance in beam transport theory. We will 
digress briefly to explain why this is so before going on to consider the 
effect of drift lengths and lenses on each.
The path traced in a transverse phase space by a particle 
oscillating about the x axis is an ellipse. This type of motion is 
characteristic of the charged particle beams emitted by the various
(2.1)
and for a thin lens of focal length f
(2.2)
high energy accelerators used in nuclear physics. Furthermore, in most
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applications of beam transport theory it is found that an ellipse is 
a good approximation to the phase space boundaries encountered, even 
though the motion of the particles may not be strictly harmonic. As a 
consequence, most of the work done on beam transport theory has dealt 
with elliptical areas. An elegant mathematical treatment of the subject 
has been developed which will be described in a later section, after some 
of the more obvious qualitative properties have been outlined.
Phase space areas bounded by parallelograms arise in several ways, 
the most common being the collimation of a beam by a pair of parallel 
slits in sequence along the beam path, as shown in figure 16. Heavy 
vertical lines in the phase space diagrams indicate the limits imposed on 
the spacial dimension by each slit. The portion of the beam passed through 
each slit is shaded. Numbered points refer to the individual trajectories.
Another situation which produces a parallelogram in phase space is the 
emission of ions from a filament surface into a uniform electric field. 
Figure 17 illustrates this case. When observed at a point a distance x 
from the filament, the parabolic trajectories appear to originate as 
straight lines at a distance -x behind the filament surface. Assuming 
that the angular divergence of the emitted beam is the same for all points 
on the filament, the ions will appear to have a rectangular phase space 
boundary at -x.
The numerical value of the angular divergence is given by the ratio 
of the y and x components of velocity at x. That is,
where 
and v
y'U) = 12__vx(x) (2.3)
Vy is the y component of the initial velocity at the filament 
(x) is given by
vx(x) m (2.4)
INITIAL BEAM BOUNDARY
FIG. 16 PARALLELOGRAM IN PHASE SPACE 
PRODUCED BY COLLIMATING SLITS
FIG. 17 PARALLELOGRAM IN PHASE SPACE 
PRODUCED BY ION EMISSION IN  
UNIFORM FIELD.
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Here V is the voltage drop from filament to x, q is the charge on the 
ion, and m is its mass. Combining the above equations, we find for 
the angular divergence
y '(x) = vy f i F  (2'5)
To return to the effect of a linear transformation on these shapes 
in phase space, let us consider the case of a beam moving through a drift 
length D. The transformation operating on the phase plane is given by 
equation (2.1), from which 
y = y + Dy'
y y
(2.6)
(2.7)
These equations represent a shearing parallel to the y axis of the phase 
plane, with resulting deformation of ellipses and parallelograms, as 
depicted in figure 18.
The action of a thin lens is described by equation (2.2), which in 
explicit form becomes
y2 = y 1 (2.8)
y'2 = y \  - 7 Yj (2.9)
We have again a shearing of the phase plane, this time parallel to the y' 
axis. The sense of the shear, either clockwise or counter-clockwise, 
will depend on whether the lens is convergent or divergent. A convergent 
lens, for which f is positive, produces a clockwise shear (see figure 19).
In the above discussion thin lenses have been used but thick lenses 
can be treated in the same way. In this case the transformation is 
slightly more complicated and is given analytically by equation (1.5).
As shown in figure 20, the ions drift until they reach the object 
principal plane H , the phase space boundary is then sheared, and the 
subsequent drift begins at the image principal plane .
FIG. 18 TRANSFORMATION DUE TO 
DRIFT LENGTH
Y' Y'
( 7 /n \4k/VT  tsy>
DIVERGENT CONVERGENT
FIG. 19 TRANSFORMATION DUE TO LENS
FIG. 20 PHASE SPACE TRANSFORMATION 
DUE TO THICK LENS.
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Plainly, it is a relatively simple matter to trace such phase space 
contours through a theoretical analogue to any ion optical system which 
can be broken down into drift spaces and lenses. In the next section 
such an analysis will be demonstrated and some interesting conclusions 
pointed out.
2.4 COMBINATION OF LINEAR ELEMENTS
To illustrate the combination of several linear beam transport 
elements, consider the simple focussing system, shown in figure 21, 
consisting of a drift length, a convergent thin lens, and another drift 
length. This will serve to demonstrate a number of useful conclusions.
Assume that we have an object at A in figure 21, and that the 
angular divergences of the 'pencils' of ions emitted from each point 
are equal. This will produce a rectangular phase space representation 
of the beam at A. After the ions have drifted from the object to the 
lens at B, but before passing through the lens, the phase plane will 
have been sheared parallel to the y axis (direction of shear is indicated 
by the arrows between phase space plots). In passing through the lens 
the parallelogram will be sheared parallel to the y' axis and will have 
the shape indicated at C. The beam will continue to drift, forming an 
image at E. An image is said to be formed when all trajectories from 
a single point in space are again brought to a common intersection.
In our phase space plots this means that the sides 1,3 and 4,6 of the 
parallelogram are returned at E to their original vertical orientation.
It is obvious from a study of figure 21 that plotting one or two 
points in each successive phase space diagram permits us to trace the 
behaviour, in the y direction, of the entire beam as it moves through 
the ion optical system. An exactly similar procedure can be applied 
to the z direction. This approach provides us with more information
FIG. 21 COMBINATION OF DRIFT LENGTHS 
AND THIN LENS
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than any simple ray tracing diagram.
The first conclusion to be pointed out is that the smallest beam 
width need not occur at the image position. This can be seen from a 
ray tracing provided that the trajectories drawn have angular 
divergences corresponding to reality rather than chosen arbitrarily, 
as is usually the case. The situation arises when the divergences of 
the beams emitted from different points on the object are individually 
limited. The narrowest beam section occurs either at the focal point, 
as at D in figure 21, or at the image point. These two cases correspond 
to having one or the other pairs of sides of the parallelogram vertical. 
The transition case occurs when the maximum divergences are such that 
trajectories 3 and 4 would pass through the object plane focal point.
For smaller divergences the beam waist will be at focal point D, and 
for larger angles, at image point E. This conclusion has been emphasized 
because one often finds in the literature of ion optics the assumption 
that, to provide maximum transmission through an aperture, it is necessary 
to form an image in the plane of the aperture. It can be seen that this 
assumption may be false.
The second conclusion to be drawn from figure 21 is not at all 
obvious from the ray tracing, but can be seen by looking at the phase 
space plot of the beam at D. Although the beam width here is minimized, 
the maximum angular divergence, corresponding to points 1 and 6, is 
greater than for the optimum case of a rectangle, as indicated by the 
dotted lines. In the example under discussion, the difference between 
the optimum and that actually achieved is not very great, but situations 
could easily arise where it would be greatly exaggerated. A proper 
examination of the problem is possible only with the aid of the phase 
space concepts of beam transport theory.
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2.5 PHASE SPACE MATCHING
In the previous section it has been demonstrated that an ion 
optical problem, such as obtaining maximum transmission through an 
aperture, may be thought of in terms of reshaping phase space boundaries 
to our requirements by operating on the original areas with some 
combination of linear beam transport elements. This idea has been 
usefully formalized in the concept of 'matching' in phase space.
To begin a discussion of phase space matching we must define two 
terms commonly used in beam transport theory; 'emittance' and 
'acceptance'.
Suppose a charged particle beam is emerging from some piece of 
apparatus. The area in a transverse phase plane occupied by the beam 
is known as the 'emittance' of the beam. Since we normally work in a 
phase space having angular divergence as ordinate, the emittance is 
a quantity with units such as mm-radians. It should be noted that, 
although formally the emittance is defined only as the numerical value 
of the area, conventional usage of the term implies a knowledge of the 
shape of the area. Thus an ellipse and a rectangle of the same area 
would be thought of as having different emittances. Throughout this 
work the tern 'emittance' will mean the specification of the area and 
boundary configuration of the phase space representation of the beam at 
a particular point along the optic axis.
4
Consider now a particle at the entrance to a piece of ion optical 
equipment. If a boundary is drawn around all the points in phase 
space which that particle might occupy and still be transmitted through 
the apparatus, then the area within the boundary is the acceptance of 
that equipment. It is worth emphasizing that whereas the emittance is 
associated with the beam itself, the acceptance is associated with a 
piece of equipment. All the comments above regarding the shape of the
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emittance area are equally applicable to the acceptance.
It is apparent that for maximum transmission through a system, the 
emittance of the beam must be 'matched' to the acceptance of the 
apparatus. As an example, suppose a beam emerges from an accelerator 
and we wish to transmit it through some system with as little loss as 
possible. There are two aspects of the problem: first, the acceptance 
area must be as large as or larger than the emittance for complete 
transmission to be possible; second, the actual boundary of the emittance 
at the entrance of the system must fit within the acceptance boundary.
Only if both these conditions are satisfied will optimum efficiency be 
realized.
To achieve matching in the first sense may mean either decreasing 
the emittance, perhaps by increasing the accelerator voltage, or 
designing the rest of the system to provide an adequate acceptance. If 
neither of these alternatives is possible, then the best that can be 
done is to ensure that none of the available acceptance is wasted.
Assuming that the acceptance is larger in area than the emittance, 
the problem remains of matching the boundary shapes. This is usually 
achieved by interposing a 'matching' system, whose purpose is to transform 
the emittance of the beam, between the beam source and the rest of the 
equipment. An example of matching in this sense is given in figure 22.
2.6 MATHEMATICAL FORMALISMS FOR BOUNDARY TRANSFORMATIONS
So far the mathematical treatment of phase space transformations 
has been to associate with each beam transport element a 2x2 matrix 
which maps each point of the phase plane into another. It is then 
necessary to discover what effect the transformation of the phase plane 
has had on the shape of the beam boundaries. This can be accomplished 
either graphically or by substituting transformed coordinates into
POOR MATCHING
EMITTANCETRANSMITTED
BEAM
ACCEPTANCE
GOOD MATCHING
TRANSMITTED 
BEAM EMITTANCE
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FIG. 22 PHASE SPACE MATCHING
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the equations for the boundary curves. A more direct approach, in which 
we deal only with boundary transformations, would be much more 
convenient. For ellipses such a procedure exists. The situation with 
regard to parallelograms is not so clear, for reasons which will be 
discussed after the elliptical case has been dealt with.
Originated by Hereward (1959), the technique for handling 
transformations of ellipses uses complex variable notation. Suppose we 
define two variables
Z = R + jX (2.10)
Y = G + jB (2.11)
where j =J—l and the quantities R, X, G and B are related to the shape 
of an ellipse of area 7T6, as shown in figure 23. Alternatively, if 
the quadratic equation for an ellipse is
2 2 q + 2oCqp + ^p
then the shape parameters are given by
(2.12)
(2.13)
Since the area remains constant, the coefficients in equation (2.12) 
have been normalized according to
^  = 1 (2.14)
The complex quantities Z and Y satisfy the relation
Z = y  (2.15)
Either Z or Y, with the area, is sufficient to uniquely identify an 
ellipse. Area being an invariant, it is only necessary to consider 
the changes in Z or Y (keeping in mind that they are complex quantities,
FIG. 23 SHAPE PA R A M ETER S FOR 
A N  ELLIPSE
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each representing two real variables). Defined as above, these 
variables give particularly simple transformations corresponding to
the basic ion optical elements. For a drift length D we have
Y2 + jD (2.16)
while for a thin lens of strength P
(2.17)
These equations, together with the complex notation, suggest an analogy 
between the shape parameters and 'impedance' in a.c. circuit theory. 
Combinations of large numbers of beam transport elements have been 
successfully constructed by utilizing this analogy.
No such elegant notation exists for describing the transformation 
properties of parallelograms, perhaps because of the ease with which 
graphical methods can be applied. For a parallelogram centered at the 
origin, it is only necessary to locate two end points of one side in 
order to uniquely determine the figure. In fact, since the area is an 
invariant under the transformations in question, it is possible to 
define a parallelogram using only three parameters. The four numbers 
used to define two coordinate points actually over-determine the figure 
with respect to transformations of shape.
Another notation is that due to Kirstien (1963), who defines a pair 
of parameters m and n which characterize a pair of parallel straight 
lines which are symmetric about the origin. The definition of m and n 
is given by the intercepts of the lines with the axes (—-, 0) and (0, -■— ) . 
It can be shown that m and n form a column vector which transforms 
according to
(2.18)
where A is the same matrix as describes the point transformation in
37
phase space. Kirstien restricted his attention to parallelograms 
having one pair of sides vertical, in which case the shape can be given 
by three parameters; the intercept of one of the vertical sides, plus 
m and n as defined above for the other pair of sides. He applied 
this technique to a study of aperture locations providing efficient 
collimation. In the more general case of an arbitrary parallelogram, 
however, two pairs of straight lines must be given in this notation, 
and we have once again an over-determination with four parameters.
As will be seen in the next chapter, the parallelogram is of particular 
interest in the present work and some difficulty was experienced 
because of the lack of an adequate notation.
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CHAPTER III - APPLICATION OF PHASE SPACE TECHNIQUES 
TO MASS SPECTROMETER DESIGN
In chapter II a short outline of the pertinent principles of 
beam transport theory has been presented. Chapter III will be concerned 
with the application of these principles to the problem of designing 
a medium resolution, high sensitivity mass spectrometer. In the most 
general terms, the design problem reduces to matching the emittance of 
the ion source to the acceptance of the analyser.
The nature of the matching problem to be solved was established 
when the basic parameters and overall layout of the machine were chosen. 
It was decided to use a more or less conventional sector field magnetic 
analyser and to concentrate on designing a focussing system at the 
source end, between accelerator and analyser, which would provide the 
best possible correspondence of beam emittance to analyser acceptance.
At the collector end all slits etc., would simply be made large enough 
to allow unobstructed passage for the entire beam emerging from the 
analyser.
The approach adopted leads to a natural subdivision of the problem 
which is reflected in the organization of this chapter: section 3.1 
describes the exact analyser arrangement and deduces the acceptance; 
section 3.2 treats the operation of the accelerator region and the 
emittance of the beam emerging from it; finally, section 3.3 gives 
a mathematical solution for a suitable focussing system to perform
the required matching.
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3.1 ANALYSER GEOMETRY AND ACCEPTANCE
3.1.1 Geometry
Practical considerations governed the choice of analyser 
configuration. It was desirable to use an existing electromagnet from 
the MS-2, which the new machine was to replace. At the same time, an 
increase in dispersion was sought to improve the abundance sensitivity 
over the usual performance of a 15 cm radius mass spectrometer. These 
requirements could be met by increasing the radius of curvature to 23 cm 
from 15 cm while changing to a 60° sector field instead of the original 
90°. Decreasing the angle of deflection permits the magnet pole shoes 
to be replaced with ones suitable for the larger radius without 
increasing the total pole face area and so avoid a loss of field 
strength.
The magnetic analyser departs from standard practice in the 
correction made for the fringing magnetic field, for which the example 
of Wasserburg et al (1967) has been followed. These authors measured 
the actual field of their magnet and used a computer to plot trajectories 
in a simulation of their measured field. They found that for their 
case, with a magnet having 60° sector pole faces, symmetrical refocussing 
was obtained for a beam deflected through 68.08°. In theory, of 
course, this result is valid only for a magnet identical to that of 
Wasserburg et al and it might be erroneous to arbitrarily adopt their 
layout. However, a comparison of the Wasserburg geometry with the 
more usual one indicates that a useful refocussed image may be achieved 
from a rather wide variation in layouts. It was therefore decided to 
simply scale the Wasserburg geometry by a factor proportional to the 
ratio of the radii (1). The resulting arrangement is shown in figure
24. Also shown, for comparison, are the conventional object and
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FIG. 24 WASSERBURG ANALYSER GEOMETRY
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image positions for a 23 cm, 60° instrument when allowance for the fringing 
field has been made according to the procedure suggested by Nier (1940), 
in which the full field strength is assumed to extend one gap width 
beyond the actual pole boundary. The layout is then fixed relative to 
this hypothetical boundary.
3.1.2 Y-Acceptance
In the xy plane, the analyser acceptance is defined at the source
defining slit, located at the object position of the analyser magnetic
field. As described in chapter I, we wish to restrict the width of this
slit to 0.005 ins, or 0.127 mm. In other words, the acceptance half-width
Y must be a
Y = 0.064 mma •
in order to obtain satisfactory resolution. For the same reason the
semi-angle of divergence^ must be small, to keep the second order
2spherical aberration term, re*, , within reasonable limits. Arbitrarily,
a value of 1°, or
06 = Y' = 0.0175 rad.a
was selected. As the slit width is very small compared to the maximum 
width of the beam in the analyser tube, as depicted in figure 25, CX 
may be taken as constant for all displacements at the slit. The phase 
space acceptance associated with the y direction is thus a rectangle 
as shown in figure 26. The numerical value of this acceptance area,
which will be denoted by A , is
-3A = 4.44 x 10 mm-rad.y
3.1.3 Z-Acceptance
In the xz plane it is convenient to define the acceptance at the 
entrance of the analyser tube. This tube comprises the curved segment 
plus short straight sections extending 25.4 mm on either end, giving
ANALYSER TUBE
MAXIMUM BEAM 
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FIG. 25 ION BEAM IN ANALYSER
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a total length of 322 mm for the constriction in the z direction. The
internal dimension of the tube is 9.53 mm (0.375 ins). Hence the
maximum displacement from the axis in the z direction is
Z = 4.76 mma
As illustrated in figure 27, for maximum positive z displacement the
angular divergence z1 can have the range
-Z' L z’ L. 0 a ~~ ~
where
Z' = 9.53/322 = 0.02% rad.a
Similarly, for extreme negative displacement, the range is 
0 4  z' L Z'a
The corresponding z phase space acceptance is shown in figure 28. In 
this c-ase the area of the parallelogram is
A = 2.82 x 10  ^mm-rad.z
A is obviously much greater than A^, which suggests that the yy' phase 
space matching will prove to be most critical. The truth of this 
prediction will be demonstrated later.
3.2 ACCELERATOR OPERATION AND BEAM EMITTANCE 
3.2.1 Basic Design
In both arrangement and function, the accelerator is very similar 
to that used in the quadrupole doublet source described in chapter I. 
However, as remarked in section 1.5, it had been noted that any attempt 
to focus the beam in the accelerator using slit lenses served only to 
obscure the results. It was therefore decided to eliminate, as far as 
possible, any focussing action in this region. The accelerator should 
provide a region of uniform and constant electric field in which the ions
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Z ACCEPTANCE DEFINED 
HERE ,  y .
9.53 mm
322 mm
FIG. 27 ION BEAM IN ANALYSER
XZ PLANE (N ot to scale)
.4 -3
-.02  •  •
- . 0 3 * •
FIG. 28 ANALYSER ACCEPTANCE 
XZ PLANE
42
are formed and through which they are accelerated to the accelerator 
exit slit. The latter is the only immersion lens in the accelerator 
system and is tolerated because, even with the use of grids, an 
electrostatic field cannot be terminated without some effect on the 
trajectories of particles passing through the boundary into the field 
free region. Furthermore, as described in section 1.6, it had been 
possible to experimentally verify the focussing action of the particular 
lens arrangement in question. For these reasons it was thought that a 
simple slit lens would be the best choice for the final element of the 
accelerator. Figure 29 is a sketch of a section through the accelerator 
in the xy plane.
The procedure adopted in analysing the performance of the system 
was to first determine the emittance of the beam in the uniform field 
region, and to then examine the effect of the exit slit lens.
3.2.2 Uniform Field Region
To facilitate the first part of the above program, it is convenient 
to choose an observation point Q immediately in front of the exit slit, 
a distance d along the optic axis from the filament (see figure 30).
As shown in section 2.3, the beam emittance at Q in each phase space 
plane will be a parallelogram identical to one which originated as 
a rectangle at a point P, located a distance d behind the filament.
We can think of this rectangle being sheared into its form at Q as the 
beam drifts the intervening distance 2d. The situation has been 
illustrated in figure 17 of chapter II. It must be emphasized that the 
rectangular emittance at P and the subsequent drift space are purely 
hypothetical. The actual trajectories are parabolas from the filament 
to Q. However, since the actual and hypothetical situations lead to 
the same emittance at Q, it is permissible, for the sake of mathematical
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simplicity, to define the beam emittance as being the rectangle at P.
Let us now establish the size of the rectangles (one in each of the 
yy' and zz' subspaces) described above and illustrated in figure 30.
The spacial dimensions of the 'virtual' object at P are the same as for 
the actual filament. In the y direction, the filament width is 0.76 mm 
(.030 ins), hence the half-width of the yy' total emittance rectangle, 
designated Y (P), isX 0
Y, (P) = 0.38 mmte
Similarly, in the z direction, the filament is 6.34 mm (q in) long, 
and therefore
(P) - 3.17 mmte
The angular divergences are more complicated. In general, they 
are given by equation (2.5);
r jy 2eV
(3.1)
m
2eV
where u ? and u^ are the transverse components of the initial velocity 
with which the ion is emitted, m is the mass, and V is the accelerating 
voltage. Since the initial energy of the ions is thermal, the velocity 
distribution in the transverse directions may be assumed to be 
Maxwellian and may be described by a normal distribution factor of the 
form
= TFkT exp -m / 2 2T7T7 \ u + u 2kT y z (3.2)y z
where k is Boltzman's constant and T is the absolute temperature of the 
filament. The fraction of particles having initial velocity components
in the ranges to -U and to -U^ is given by the integral
ruv  - JLy I z exp-U -Uy z
-m / 2 2XTTm u + u 2kT y z j du duy z (3.3)
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I t  i s  e v i d e n t  t h a t  t h e  e f f e c t  o f  t h e  v e l o c i t y  d i s t r i b u t i o n  on t h e  
e m i t t a n c e  r e c t a n g l e s  i s  t o  make t h e  b o u n d a r i e s  i n  t h e  y '  an d  z '  
d i r e c t i o n s  i n d i s t i n c t .  Some a r b i t r a r y  c h o i c e  o f  t r a n s v e r s e  v e l o c i t y  
l i m i t s  mus t  t h e r e f o r e  be made i n  o r d e r  t o  d e f i n e  t h e  beam e m i t t a n c e  f o r  
s u b s e q u e n t  d i s c u s s i o n .  R e f e r r i n g  t o  a t a b l e  o f  p r o b a b i l i t y  i n t e g r a l s ,  
we f i n d  t h a t  i f  we c h o o s e  G = F = 3 . 0 ,  o r ,  i n  o t h e r  w o r d s ,
y
3 . 0  I —  
^ m
( 3 . 7 )
t h e n
( . 9 9 7 3 ) 2 = 0 . 9 9 5
T h a t  i s ,  t h e s e  a r b i t r a r y  l i m i t s  i n c l u d e  9 9 . 5  p e r  c e n t  o f  t h e  i o n s  an d  
may,  f o r  a l l  p r a c t i c a l  p u r p o s e s ,  be t a k e n  t o  d e f i n e  t h e  e n t i r e  beam.
H a v in g  e s t a b l i s h e d  t h e  r a n g e  o f  u^  an d  u ^ , i t  r e m a i n s  t o  d e t e r m i n e  
t h e  a c t u a l  a r e a  o c c u p i e d  by t h e  beam i n  t h e  y y '  an d  z z '  p h a s e  p l a n e s .  
S u b s t i t u t i n g  t h e  s e l e c t e d  u ^  an d  u^ f rom  e q u a t i o n  ( 3 . 7 )  i n t o  e q u a t i o n  
( 3 . 1 )  , we g e t
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Y'te(P) = Z ’^ (P) = 3.0 1^ 7.te 2eV (3.8)
Hence for the emittance rectangles, the area, denoted by J, is
Jy 4Y (P)Y’ (P)te te 4.56
(3.9)
Jz = 4Zte(P)Z'te(P> = 3 8 a  JieV
and are thus variables, functions of the accelerating voltage V 
and the filament temperature T. For perfect matching with the analyser 
acceptances, the following inequalities must be satisfied:
J L  Ay ~  y
J A
(3.10)
z z
In fact, it is found that if the first condition is solved as an equation, 
then the second inequality will also be satisfied. The required 
accelerating voltage is approximately 26 KV for a filament temperature 
such that kT = 0.1 eV (approximately 900°C; this temperature was chosen 
as a reference value, but it must be kept in mind that the transmission 
efficiency will always be a function of filament temperature). Practical 
considerations, however, weighed against the realization of an ideal 
matching. In the first place, the use of voltages as high as 26 KV 
imposes severe constraints on the technical design if arcing and 
surface leakage currents are to be avoided. Secondly, the John Fluke 
model 408B 6KV supply already in service on a number of our other 
instruments had demonstrated excellent stability and reliability which 
made it attractive. It therefore remains to assess the maximum 
transmission efficiency possible using a 6 KV supply.
It is assumed that any trimming of the beam should be equivalent 
to a limitation of the angular divergence at P, thus permitting uniform 
collection from the entire surface area of the filament. This should
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lead to greater operational stability, eliminating the need to alter the
focussing conditions as the point of origin of the ions on the filament
changes in the course of a run. The spacial dimensions of the transmitted
beam emittances, designated Y, (P) and Zn (P), therefore remain thebe be
same as for the total emittances;
Y, (P) = I, (P)be te
Zbe(P) = VP) (3.11)
Because the acceptance of the analyser defines the maximum emittance 
area which can be transmitted, it is possible to calculate the greatest 
angular divergence at P corresponding to ions which may eventually be 
collected. Denoting the transmitted emittance areas by I and 1^, we 
can write the equations 
Iy 4YU (P)Y' (P) Z_ Abe be —  y
(3.12)
I = 4ZU (P)Z' (P) l- Az be be —  z
where Y' (P) and Z' (P) refer to the angular divergence limits of the
transmitted ions. Prom the above equations we can get
Y' (P) 4=2.92 x 1(T3 rad. be
Z' (P) 2.22 x lCf2 rad.be
For comparison, we can evaluate Y' (P) and Z' (P) from equation (3.8)x 6 xe
for an accelerating voltage V = 5.25 KV (because of the arrangement
of electrodes used to achieve a uniform field, only \ of the 6 KV
supply voltage is applied to the filament) and temperature T such that
KT - 0.1 eV. This gives
Y' (P) = Z' (P) = 9.36 x 10-3 rad.te te
It is apparent that the transmitted beam emittance in the y direction 
will be limited by the acceptance, but the z emittance will not. Hence
the maximum angular divergences of the beam at P which may be passed
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through the system are
Y\ (p) = 2.92 x 10 3 rad.be
Z' (P) = 9.36 x 10 3 rad.be
Returning to the question of the possible efficiency of the 
machine under design, it can be seen that, since the total emittance 
in the zz' plane may be transmitted, the integration over f in equation 
(3.6) can be taken as unity. The integration therefore reduces to
For the limits on g (the y component of the distribution), combining 
equations (3.1) and (3.5) we find
It is now possible to evaluate (3.13) for the efficency. Referring 
again to a table of probability integrals,
for kT = 0.1 eV and V = 5.25 KV. This was considered adequate to 
justify the construction of an instrument to test the theory. 
Finally, recalling that the value of kT used in the above
figure 31 shows the Per Cent Efficiency, which isTJ/j^ x 100, plotted 
against temperature.
3.2.3 Exit Slit Lens
The size and shape of the emittances within the accelerating 
field having been determined, the effect of the exit slit lens must
be
(3.13)
G.be (3.14)
from which
G.be = .945
Fbe = °'655
calculations is an arbitrary choice, and that Ip" is a function of T,
now be established. The following discussion is a restatement, in
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modified form, of that in section 1.6. In the z direction, provided 
that the exit slit length is much greater than the size of the beam, 
there should be no focussing action. The emittance in the zz' plane 
can continue to be defined as a rectangle at P, and the ions thought 
of as 'drifting' from P through the slit at S and on to the first 
element of the beam matching system.
In the xy plane, however, the slit acts as a divergent lens with 
a focal length of -2d, as shown in appendix B. Allowing for the 
parabolic trajectories, the 'virtual object distance' s q is 2d. Taking 
the thin lens equation
- +Is s.O 1
and substituting for s^ and f, we get for the image distance
(3.15)
(3.16)
As shown in figure 32, this virtual image is located at R, the filament
position. The magnification of the image is 
s .
M = - —so
T (3.IT)
hence the spo.cial width of the rectangle at R is half that at P:
V R) = *Ybe<P) (3.18)
or
Y (R) = 0.19 mmbe
Because the phase space area must be conserved, the area of the figures 
at P and R are equal and it follows that the angular divergence at R 
is twice that at P; viz.,
I ’ (R) - 21' (P) (3.19)be be
from which we have
Y' (R) = 5.84 x 10 3 rad.be
FIG. 32 ASSUMED EMITTANCES AT S AND 
VIRTUAL EMITTANCES AT P AND R
x
t
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Figure 32 summarizes the results thus far. For subsequent 
calculations regarding the focussing system the existence of the 
accelerator and exit slit lens are ignored. The beam is treated as if 
it had originated with rectangular emittances at R and P in the xy and 
xz planes, respectively, and had then simply drifted to the focussing 
system.
The above line of reasoning, based on a more or less conventional 
ion optical model, was adopted mainly because the accelerator design is 
essentially the same as that used in the previous source and its 
operation had been analysed before the author began applying phase space 
techniques. It must now be pointed out that the argument is fallacious 
regarding the effect of the exit slit lens in the xy plane. The correct 
transformation at the lens is obtained by operating on the parallelogram 
at Q with the matrix of the form given in equation (2.2), with a focal 
length of -2d:
Figure 33 shows the transformation to the resulting parallelogram at S,
lines) previously derived by faulty reasoning. This error demonstrates 
the weakness of the ordinary ion optical approach while at the same time 
providing an object lesson on the importance of applying phase space 
methods consistently and carefully. The mistake was discovered only 
after a solution to the matching problem had been found and, in the 
event, it proved quite easy to correct the calculations. The error may, 
in fact, have been fortunate. As will be seen, the solution of the basic 
problem depended somewhat on intuitive relations which were simplified
T (3.20)
which is significantly different from the shape (indicated by broken
by the use of rectangles to represent the emittances. For this reason
FIG. 33 THEORETICALLY CORRECT TREATMENT
OF EFFECT OF SLIT LENS
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the calculations in the next section assume the partially incorrect 
emittances shown in figure 32 rather than the more valid ones shown 
in figure 33. The answer obtained in this way will then be treated as 
a first approximation to which the necessary correction can be applied.
3.3 SOLUTION FOR MATCHING SYSTEM 
3.3.1 Initial Attempt
From the matching requirements already described, it ought to be 
possible to deduce mathematically the specifications of an ion optical 
focussing system which will produce the desired result. This section 
describes the attempts, both successful and otherwise, to solve this 
problem, as well as discussing the nature of the solution finally 
adopted.
In section 2.6 it has been pointed out that, with respect to area 
preserving transformations, a parallelogram can be completely described 
by three parameters. Since we wish to simultaneously specify the 
transformation of two parallelograms in separate phase planes into two 
more, a total of six parameters are needed. Let the original values of 
these parameters be q^,qn,...q^, while the transformed values are 
represented by Q^fQ , . . ,Q^0 Then the transformation may be described 
by a set of six equations,
Qi = QfvV-'-V V x2----xn> I
Q2 = Q2(q1,q2,...q6; q > x2>•••*„) )
) (3.21)
: )
)
ö6 = W V - ’- V  xr x2>---xn) >
where x^...xn are variables defining the matching system. The q's and 
Q's being fixed, the above equations can, in theory, be solved for the 
x's, provided that n ^ 6. To do this, equations (3.21) must be put
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into an explicit form. In the process of finding suitable equations 
a number of assumptions are made which, although not absolutely 
essential to the matching problem, will affect the nature of the 
solution. These will be pointed out and justified as they occur.
The first and perhaps most significant assumption is that the 
focussing system will consist only of thin lenses and drift spaces.
This choice was made in the hope of arriving at an explicit set of 
equations which would prove to have a solution. Possibly the use of 
thick lenses would have worked as well, but this was not investigated. 
Certain simplifications follow from the thin lens assumption, the first 
being that, to a first approximation, the focal lengths of a quadrupole 
lens in the xy and xz planes are equal in magnitude but opposite in sign. 
That is, as given in equation (1.18)
f = -f (3.22)z y
The action of a quadrupole thin lens can thus be described by a single 
variable. The reasons for wishing to employ quadrupole lenses have 
already been given in chapter I.
Since the first lens cannot physically coincide with the points in 
the accelerator where the beam acceptances have been defined, nor the 
last lens with the source defining slit or the analyser entrance, the 
system must begin and end with a drift space. It follows that to have 
enough variables to satisfy the requirement n ^ 6, we need at least 
three lenses alternating with four drift spaces. This is a conclusion 
of some interest, since it has been previously assumed (Giese (1959)) 
that a quadrupole doublet could provide complete control of an ion 
beam. With n = 7, the set of six equations will not be sufficient to 
determine all the variables, but this can be overcome by either 
arbitrarily fixing one variable or by adding a further equation as some
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sort of constraint on the system.
The next step is to choose a representation for the parallelograms 
in phase space. In section 2.6 it was mentioned that for the general 
parallelogram the only existing formalism (Kirstien (1963)) requires 
the specification of four parameters. This redundant variable, when 
applied to two parallelograms, would increase the number of equations to 
be solved from six to eight, with a consequent increase in the number of 
ion optical elements. Rather than accept this situation, it was decided 
to seek a representation using only three parameters which transformed 
in some simple manner when the figure sheared under the influence of a 
thin lens or a drift space. Such a representation is given by the set
2 ,q3 ^ ’ where
lirH Tan ei
^2 = Tan °2 (3.23)
►a II Tan °3
The arguments 0^, 0o, and 0^ are the angles made with the horizontal 
by the two sides and the diagonal of the parallelogram, as shown in 
figure 34. Corresponding to a thin lens of focal length f we have the 
transformation
Q = q + 7 (3.24)
and for a drift length D
2 =  ( 3 ’ 2 5 )  
Although not as simple as a linear transformation represented by a matrix, 
the above equations can be applied successively, substituting the Q's from 
one transformation for the q's of the next, to build up the equations we
need describing the behaviour of a series of ion optical elements.
FIG. 34 PARALLELOGRAM DEFINED BY 
THREE PARAMETERS
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Carrying out the above procedure, we get for th e  xy plane equations
of the form 
°i =
q2 =
03 =
and for the
Ö4 - 
Ö5
Ö6 =
q,A + BH l y y
q,C + D
1 y y
q„A + B2 y y
qoC + D2 y y
q^A + B^3 y yqQC + B3 y y
xz plane
q .  A + BM  z z
q.C 4 z + D z
4- B5 z z
qcC + DH5 z z
qAA 6 z + B z
qAc6 z + D z
)
)
)
)
)
)
)
)
)
)
)
)
) (3.26)
)
)
)
)
)
)
)
)
)
)
)
)
In these equations the q's refer to the initial emittances and the Q's 
to the final matched figures. These parameters can be evaluated directly 
from figure 35, which shows the emittances and acceptances derived in the 
previous section. Note that it has been assumed that the z emittance 
will be transformed into a parallelogram exactly similar in shape to the 
z acceptance (shown by broken lines).
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1—1 — o o ö l = 0
q 2 = 0 s 2 = o O
= 3.04 x
C\]1cr“H S = .274
*4 = cxO Ö4 = 0 0
q5 = 0 o5 = -3.07 x
^6 = 2.95 x
ro1Cr—H
Ö6 = 0
0.064
0.192
VERTICAL U N ITS- 103 rad. 
HORIZONTAL UNITS - mm
FIG. 35 PARAMETERS FOR FIRST MATCHING 
ATTEMPT
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The coefficients Al , B , C and D are given byy y y y J
Ay ((1 + x3/x )((1 + x-j^ /x )(l 4- x2/x6 ) + x1/x6 )
+ ((1 + X /x ) X + X )/x )1 5  2 1 y
By = ((1 + x2/x5)/x7 + (1 + x^/x^MU + x2/x6)/x5 4- l/x6)) )
D = (((1 4- x^/x )((l + x2/x6 )/x5 + l/x6 ) 4- (1 4- x2/x5 )/x^)x^
)
+ ((1 + x2/x6 )/x5 + l/x^) + (l 4- x2/x )))
The variable x's in (3.27) can be identified with the lenses and drift 
lengths, shown in figure 36, as follows;
Coefficients and in equations (3.26) are identical in form
to those given by (3.27), except that the following replacements must 
be made;
x^ — > x^ + 44.5
If now we substitute the given values for the q's and Q's into (3.26),
we arrive at a set of equations of the form
V7
ü\
fo
FILAMENT
FIG. 36 SYSTEM OF 3 LENSES AND 
4 DRIFT LENGTHS
A
X
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Ay
D = 0y
B - (8.33 x 10 3) C = 0y y
c (3.28)z
B + (3.07 x 10 3) D 0z z
(2.95 x 10 3) A + B 0z z
Having obtained equations (3.28) as explicit version of (3.21), 
they can be seen to be six highly non-linear equations in seven unknowns. 
It was decided to utilize the extra unknown by adding a further equation 
to the set;
By this device it was intended to fix the total length of the focussing 
system to an arbitrarily chosen value of 610 mm (24 ins).
No exact solution to the set of equations (3.28) and (3.29) could 
be found. It was therefore decided to try to find an approximate solution 
by numerical methods. With this in mind, Mr D. Ryan, a numerical analyst 
from the A.N.U. Computer Center, was consulted. At his recommendation 
and with his assistance an attempt was made using a program developed by 
Powell (1968). This method was felt to be the most powerful then 
available for solving non-linear equations, particularly when a good 
starting approximation was not known. Unfortunately, the iteration 
could not be made to converge to a solution. Although the sum of squares 
of the residuals could be made very small, the corresponding values 
of the unknowns did not constitute a solution. That is, when the 
calculated transformations were applied to the emittances, the results 
did not match the acceptances even approximately. No amount of
x, + x + x + x — 610 = 0 1 2  3 4 (3.29)
adjusting either iteration parameters within the program or the input
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conditions (for instance, the overall length of the system), seemed 
to produce any improvement. It was thought that the basic difficulty 
was the lack of a good initial guess at the solution. In particular, 
the focal lengths have a theoretical range of from + o^ > to -cy?. While 
searching for some means of making a better initial estimate, however, 
a more profitable, if less elegant, approach was discovered. Further 
work on the iterative solution was therefore abandoned.
3.3.2 Successful Approach
The general line of attack followed below is one suggested by the 
work of Lee-Whiting and Besic (1969) on beam matching with elliptical 
phase space boundaries. It is based on the fact that any number of 
thin lenses can be described in terms of a single thick lens. The 
action of our three thin lenses in the xy plane can therefore be 
represented by one thick lens and the three in the xz plane by another. 
Furthermore, equations relating the thick lens parameters to those of 
the thin lenses are readily available (Regenstreif (1967)). Two 
attributes of this approach are responsible for its particular 
usefulness:
i) It is possible to ascertain the thick lens parameters 
directly from the emittance and acceptance figures.
ii) Provided that the thick lens parameters are known, it 
is possible to reduce the problem to one which can be 
solved in a more or less straight forward way by 
graphical methods.
Both of these assertions will be demonstrated below.
Figure 37 shows, in a schematic fashion, the relations existing 
between the thick lens parameters in the two transverse planes and the
actual physical arrangement of filament, slit, analyser and thin lenses.
IG
. 3
7 
TH
IC
K
 
LE
N
S
 -
 T
H
IN
 
LE
N
S
 
SY
ST
EM
 
PA
R
A
M
ET
ER
S
57
The object principal planes are located at distances h and hQz from
the entrance plane of the lens system, which is the plane of the first 
thin lens. Similarly, the image principal plane distances h^ and h ^  
are measured from the plane of the last thin lens. Note that the 
principal planes may, in theory, be assigned any arbitrary position 
relative to the actual lens system.
Referring first to the yy' phase plane, the action of a thick lens 
was described in chapter II as a drift from the object to the object 
principal plane, a focussing effect of the lens and, finally, a drift 
length starting from the image principal plane. These stages are 
indicated, in terms of their phase space diagrams, in figure 38. It 
can be seen from a study of the figure that the displacement A* y^ 
produced by the first drift length must be equal to the acceptance 
half-width Y^. Letting be the first drift length, we have from
equation (2.1);
Ay, = d
D
ly be
Ya
iy Y ’be(R)
(3.30)
D - — --- — = 11.0 mm
iy 5.83x10"°
This fixes the distance from the 'object' at point R (the filament) to
H . Because of the short length of Dn , it is obvious that h must oy s ly’ oy
be large enough to prevent interference between the accelerator stack 
and the first quadrupole lens. A length of 100 mm was chosen, giving 
clearance not only for the 44.5 mm of accelerator electrodes after the 
filament, but also for the fringing field of the electrostatic lens. 
Thus
h - 100 mm°y
The focal length of the thick lens is dictated by the requirement
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that the sides of the emittance rectangle which were originally vertical 
should end up horizontal (as explained in section 3.3.2, this guarantees 
that the trimming of the original total emittance by the slit edges 
removes areas of minimum particle density). From figure 38, it can be 
seen that such a condition may be expressed as
Ay', - Ay' - 2 Y ’ (R) be
Making substitutions according to (2.2), this becomes
(I, (R) + Y )(- -J-) - (Y (R) - Y )(- -J-) = - 2 Y' (R) be a fy be a fy be
Solving for focal length f we have
(3.31)
(3.32)
f = T \  (R)y be 11.0 mm
which is identical to the expression for D , equation (3.30), indicating 
that the 'object' should be located at the focal point of the lens 
system in the xy plane.
The final drift length is easily determined. Recalling that the 
side of the parallelogram which was horizontal at the object position 
will be vertical at the focal point in image space (see section 2.4),
D 0^ is immediately fixed at 11.0 mm.
Summarizing the results for the xy plane, we find that we require 
a system in which the object point (the filament) coincides with the 
primary focal point, while the source defining slit is located at the 
secondary focal point. The focal length f^ must be 11.0 mm and the 
object principal plane is a distance h = 100 mm from the first lens.
No condition has been imposed on h
iy'
Finally, it must be noted that an alternative mode of operation 
to that shown in figure 38 exists. Mathematically, this amounts to 
taking the focal length to be a negative quantity 
f = -y 11.0 mm
FIG. 38 THICK LENS TRANSFORMATIONS 
IN y y 'S P A C E
ZkJpH
INITIAL
FINAL
FIG. 39 THICK LENS TRANSFORMATIONS 
IN zz '  SPACE
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The object point is still at the focal point, but, in accordance with 
standard optical usage, this is now to the right of the object principal 
plane. Hence the total distance between filament and first lens would 
be 89 mm in this case as against 111 mm when f is positive. The beam 
can be thought of as drifting to the left, that is, in a negative sense, 
producing a counter-clockwise shear parallel to the y axis. This is 
followed by a counter-clockwise shear parallel to the y' axis due to the 
action of the divergent thick lens. The source defining slit is now to 
the left of the image principal plane and we must visualize another 
negative drift to the left. To indicate the validity of this arrangement, 
it may be appropriate to jump ahead and mention that the solution finally 
adopted corresponds to just this situation and that a simulation of the 
predicted operation of the three thin lenses confirms the theory.
Figure 39 depicts the matching problem in the zz' phase plane.
A comparison of the emittance and acceptance suggests that the constraints 
are less rigorous than was implied in section 3.3.1. There is no need 
to have the transformed emittance exactly similar to the acceptance.
It only has to fit within the boundary of the larger figure. The thick 
lens parameters have been selected with this thought in mind.
Due to the non-critical nature of the z matching, as well as the 
relatively small value of angular divergence Z' (P), the length of the 
first drift length is of secondary importance. It was therefore decided 
to leave it unspecified. This means that the position of the object 
principal plane, given by h in the xz plane, will be a variable.
In choosing the other thick lens parameters the basic principle 
observed was to concentrate the most intense part of the beam as close 
as j^ossible to the center of the analyser tube, while at the same time 
keeping the angular divergence at a minimum. To do this a transformation
60
was sought which would map the z axis of the initial emittance onto 
the long diagonal of the acceptance, as shown in figure 39. Point 
(Z (R), 0) undergoes two translations, Az' and A z, which are chosen 
to be
A  z ' = 7.2 x 10 3 rad.
A z = 1.93 mm
A suitable transformation results from this choice. Other selections 
might be made, but the arguments in favour of this one seemed adequate. 
From these figures we can derive the focal length f
2be(F)
Az'
440 mm
(3.32)
and the second drift length D2z
D _ Az2z A z ’
D 2 z = 268 mm
(3.33)
The condition imposed on the thick lens by specifying D can be seen 
in figure 37. Between the source defining slit and the entrance to the 
analyser tube (where the z acceptance is defined and where the second 
drift must end) is a distance of approximately 348 mm. The difference 
Alu between the principal plane positions in the xy and xz planes is
Ah. 348 - D. + f 2z y (3.34)
Depending on the sign of f (see above),Ah^ may have two values;
Ah^ = 91 mm
when f = + 11.0 nun, andy
Ah 69 mm
when f = - 11.0 mm.y
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Summarizing the conditions on the behaviour of the thick lens 
representing the required three lens matching system, ve find two 
possible sets of parameter values:
f
y
= + 11,0 mm f
y
- 11.0 mm
h
°y
= 100 mm li>>o
4h 100 mm
f z = 440 mm f z 440 mm
Ah = 91 mm II•HXl<3 69 mm
As variables we have the focal lengths of the three thin lenses, f^, 
f^ and f^ , assumed to be equal in magnitude for both y and z directions, 
but opposite in sign* We also have the spacings between lenses, s and 
rs, as shown in figure 37, and the spacing between the third lens and 
the source defining slit, defined implicitly by h^. Finally, we have 
h , which gives the location of the object principal plane in the xz 
plane, left unspecified. Tabulating these variables for ease of 
reference, they are
f
f
f
1
2
3
s
r
hoz
Once again we have seven variables and, as will be indicated below, 
only six equations. In this case the extra unknown is used to ensure 
that, at least where solutions exist, there will be a continuum of 
possible answers. From these a single solution can then be picked which 
best satisfies a number of additional constraints, mainly practical, 
which will be enumerated later.
What of the equations? As mentioned previously, they are to be 
found in Regenstreif (1967). Those given below differ slightly in form 
from Regenstreif's due to variations in notation and sign convention.
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In particular, the variables x^ , x^ and x^ are defined by
77 (i1 1, 2, 3) (3.35)
and the equations are arranged so that will be positive for lenses 
which are convergent in the xy plane. The six basic equations from 
which we will work are;
•H
X = f
y ((1 - (1 - rx2) - (1 + rx1)) (3,,36)
h .1Z = fz ((1 + x1)(l + rx2) - (1 - rx1) ) (3,.37)
h
oy = fy ((1 - x2)(l - rx^) - (1 + x3)) (3,.38)
h oz = fz ((1 + x2 )(l - rx3) - (1 - x3)) (3,.39)
I
f - (1 - rx )(j (1 - x2) + V
+
t (1 - V (3,.40)y i 2
fz
= - (1 + rx ) 4  (1 
1 + x2)
1
+ f. )1
- 7^(1 + x p (3,.41)
Solving (3.38) for x,
(r + 1) x3 + B 
rx^ - 1 (3.42)
where a new symbol, B, has been introduced for convenience and is 
defined as B = h /fc» Similarly, (3.39) can be solved for x^, yielding
(r + l) x - C 
- (..rx'31 + 1  > (3.43)
with C = hQz/fc. Using (3.42) and (3.43) to eliminate x^, we arrive at
a quadratic in x^
2 (B - C) (B + C)
X3 + 2 (r + 1) X3 + 2r (r + l)
This has solutions given by
(3.44)
X3 = T P T T )  (-(B - C) + ((B - c ) 2 - K .B. + C)(r + 1 ) )*) ( 3 . 45)
Note that equation (3.45) represents two solutions, depending on the 
sign in front of the discriminant.
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The next step is to subtract (3.36) from (3.37) to find an 
expression for h_;
Ah. = f ((1 + x )(l + rx ) - (1 - rx ) ) l z i 2 1
- f ((1 - x1)(l - rx2) - (l + rx^) (3.46)
Solving for x^, this becomes
(f + f ) rx. - Ah.x _ ______I____2____2______i________ (3 47)
X1 ” (f - f ) rx - (f + f ) (r + 1) U *47jy z 2 y z
Equations (3.45), (3.42) and (3.47) constitute a set which can be solved
for the unknowns xn , x^ and x^ in terms of the variables r and h1 2  3 oz
(through the parameter C). The procedure which will be used involves 
substituting a range of values for r and h and solving these equations 
for the x's. Before we can calculate the actual focal lengths, however, 
we need an independent expression for s, since the x's all contain this 
factor. Such an expression can be found by multiplying through both 
(3.40) and (3.41) by s to get
s = fy ((l “ rx3) ((1 - x2) Xj 4- x2) + (l - x^) x^) (3.48)
and
s = - f ((1 + rx )((1 + x ) x 4- x ) + (l + x ) x ) (3.49)z 2 2 1 2  1 3
If a fixed value of h is taken while r is allowed to vary, each of
equations (3.48) and (3.49) will generate a curve giving s as a function
of r. The intersection of the two curves indicates a solution to the
problem for the particular value of h^. There exists, therefore,
a range of possible solutions with h ^  as parameter. In fact, recalling
that we have a choice of sign both for f and in (3.45), there are in
theory four possible solutions corresponding to each value of h^.
The last unknown to be evaluated is h. . This is readily
accomplished by substituting directly into equation (3.36) with the
calculated values of x^ and x^. Using the approach outlined above,
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we can be assured of finding any solutions which may exist for the
problem as it has been defined, without difficulties of convergence
encountered in an iterative method.
Figure 40 is a flow chart for the simple program used to calculate
the data for the solution curves. It serves to illustrate the procedure
adopted and thus merits some further comment. The input consists of f ,
f , h and h. with, as has been observed above, two sets of numerical z oy l
values. It also includes control parameters required to cycle the
program through incremented ranges in both r and h . Thus r^ and h ^
are the initial values of each variable, r„ and h _ the final values,i ozi
while r and h are the sizes of the increments. The structure of
the program is two loops, the outer one for h and the inner for r.
A value of h is fixed, starting with h and then one for r.oz ozi
B, C and D are calculated, where D is just the expression under the
square root in (3.45). If D is negative, then the roots of are
imaginary and of no interest. In this event a message ’No real solution'
is printed, r is incremented and the program returned to begin a new
calculation. If D is not negative, then the program proceeds to
evaluate x^, x^ and x^  according to equations (3.45), (3.42) and (3.47)
respectively. Two figures are calculated for s from (3.48) and (3.49)
and identified by superscripts 1 and 2. Corresponding to these, the
program also generates two sets of focal lengths, f^ and g^ (i = 1, 2, 3).
Finally, h_^ is found using equation (3.36). All the numbers which have
just been calculated are then printed out and a new value of r taken
to repeat the cycle until r^ is reached. hQz is then incremented.
This process is continued until the entire range of h has been
covered, after which the program stops.
Figure 41 shows a graphical display of the computed results. There
are two families of curves, s, vs. r and s~ vs. r, with h as a parameter1 2 oz
START
STOP
'N O  REAL 
SOLUTIONS'
WRITE
WRITE
HEADINGS
WRITE
READ
x3 -  X j ( B .C . r )
Xj ■ x,  ( X j ,B ,r )
x, -  x, ( x , , f y , f z , A h j . r )
»3 -  »j(x, , X j , X j . f y , f2 , r)
9 i *  »2/X1 
9j ■ » ,/x j 
9 : *  »3 / x j
FIG. 40 FLOW CHART FOR CALCULATION OF 
POSSIBLE SOLUTIONS
600
S
(mm)
A h j"  -11.0
fy  -  440
f z -  100
h o y " 69.0
400 -
300
200  -
OLUTIONS
100 ---------- »----------*----------‘---------- •---------- 1---------- *----------
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
r
FIG. 41 PLOT OF COMPUTER OUTPUT
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Each intersection of curves having a common value of h is a solution« 
In fact any point on the line joining the intersections gives r and s 
which will satisfy the equations. The corresponding f^'s can be either 
interpolated from the computer output or calculated by substituting 
the chosen r and h into the program.
It would appear that we are faced with a wide range of possible 
solutions. This is true with respect to the formal conditions imposed 
by the thick lens parameters, but not when a number of other constraints 
of a practical nature have been considered. Although perhaps less rigid 
than the constraints embodied in the equations, they are none the less 
vital to the successful operation of the system. These additional 
factors are enumerated below:
i) The overall length of the system must be kept within 
reasonable limits, both from a point of view of floor 
space and to prevent gas scatter of the beam from 
becoming excessive. This means that the variables s 
and h. are restricted.iy
ii) Sufficient space must be left around the thin lenses 
for the electrostatic fringing field if we wish to 
avoid undue shortening of the effective
length of the lenses. Referring to figure 37, this 
can be seen to imply that s, r and h^ cannot be made 
very small. It was decided to allow an unobstructed 
region at least equal in length to the aperture on 
either side of each lens.
iii) For reasons of vacuum pumping efficiency, it was felt 
to be desirable to interpose an isolating valve between 
lenses 1 and 2, The exact dimensions of this valve
depend on the angular divergence and width of the beam
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in this region, but for the style chosen (a piston 
making an angle of 45° with the beam path) could not 
be less than about 150 mm.
iv) The width of the beam passing through any lens must 
not exceed the aperture, which was arbitrarily 
limited to a maximum of 50.8 mm (2 ins). Where 
possible, of course, a smaller aperture would be 
desirable.
v) In order that the gaussian, or paraxial, condition be 
satisfied, the maximum angular divergence of the beam 
must be small. A decision was made, again arbitrarily, 
to limit y' and z' to 0.175 rad. (approximately 10°)
or less. It was thought that under these conditions 
aberrations would be of secondary importance.
To check the beam width and angular divergence, mentioned in iv) and v) 
above, a short computer program was written using a matrix multiplication 
sub-routine to simulate the effect of the system of lenses and drift 
lengths. When a possible solution was obtained, the program traced 
a number of points of the emittances, both y and z, through the 
indicated system, printing out the transformed coordinates after each 
element, either lens or drift length.
Having pointed out the various constraints to be considered, and 
noting that they are very dependent on each other, no detailed 
description of the selection procedure will be given. Indeed, to 
suggest that a 'procedure' was followed is misleading, since the 
choice was arrived at by trial and error, relying heavily on intuition. 
Almost all possible parameters were varied until the author was 
satisfied that no obvious improvements could be found. The pressure 
of time prevented a thorough and methodical investigation of the role
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and importance of each factor.
Listed below are the thick lens parameters corresponding to the 
computer-derived solution which was settled upon to serve as a basis 
for further, more accurate, calculations.
f
y
= - 11.0 mm tr H- <c
li 101.8 mm
f z = 440.0 mm A  hi = 69.0 mm
h oy = 100.0 mm s = 269.0 mm
h oz = 200.0 mm r = 0.544
(D POSITIVE)
The actual beam transport elements which, to a first approximation, 
are equivalent to this pair (xy and xz planes) of thick lenses are:
d i y
= 89.0 mm Nt—
I
= 133.5 mm
f i y
= 69.6 mm flz = -6 9 .6 mm
d2y = 269.0 mm d2z = 269.0 mm
f 2y = -1 2 7 .6 mm f2z = 127.6 mm
d_
3y = 146.3 mm d-3z = 146.3 mm
f.3y = 64.6 mm f.3z = -6 4 .6 mm
d.4y = 90.7 mm d A4z = 438.7 mm
Figure 42 illustrates the situation and identifies the symbols. Note 
that no allowance has been made for the lens thickness or the difference 
in focal length between xy and xz planes. The effect of these 
transformations on a pair of representative points from each phase 
plane is shown in table I. Each row gives the coordinates of the 
points after the action of the system component, identified at the 
left of the row, has taken place. A comparison of the resulting final 
transformed emittances with the acceptances is shown in figure 43.
In the y plane a slight adjustment of the final drift length can 
readily be made to bring the sides of the figure vertical. Not so
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Beam Y PHASE SPACE COORDINATES Z PHASE SPACE COORDINATES
Transport
Element y ( D y' ( U(xlO 3 y(2)
y' (2)
(xlO 3 z(l)
z' (l) 
(xlO 3 z( 2)
z ' (2) 
(xlO 3
(mm) rad. ) (mm) rad.) (mm) rad. ) (mm) rad. )
Initial 0.1920 5.8300 0.1920 -5.8300 3.1750 9.3600 3.1750 -9.3600
d i 0.7109 5.8300 -0.3269 -5.8300 4.4245 9.3600 1.9255 -9.3600
fi 0.7109 -4.3796 -0.-3269 -1.1355 4.4245 72.9304 1.9255 18.3052
d2 -0.4672 -4.3796 -0.6323 -1.1355 24.0427 72.9304 6.8496 18.3052-
f2 -0.4672 -8.0410 -0.6323 -6.0905 24.0427 -115.4920 6.8496 -35.3750 !
d3 -1.6439 -8.0410 -1.5236 -6.0905 7.1462 -115.4920 1.6742'
I
-35.3750
|
f 3 -1.6439 17.3940 -1.5236 17.4824 7.1462 -4.8697 • 1.6742 -9.4586
d4 -0.0657 17.3940 0.0627 17.4824 5.0099 -4.8697 -2.4753 -9.4586
TABLE I POINT TRANSFORMATIONS IN PHASE SPACE 
PRODUCED BY SOLUTION CHOSEN FROM 
COMPUTER DATA
Y (mm)
ACCEPTANCE
EMITTANCE
.01 ••
Z (mm)
FIG. 43 PHASE SPACE M ATCHING DUE TO 
COMPUTER SOLUTION
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easily remedied is the projection of several small portions of the z 
emittance beyond the acceptance limits. However, as the beam lost to 
the analyser walls would hardly amount to one per cent, it was decided 
to ignore this. Finally, the beam half width at lens 2 is such that 
the aperture of that lens must be the full 50.8 mm. As a result, the 
aperture of lens 1 was set at 25.4 mm and lenses 2 and 3 at 50.8 mm. 
3.3.3 Corrections to First Approximation
The first correction to be applied was to eliminate the errors due 
to the thin lens assumptions; viz., that the thickness of the lenses is
negligible and that the focal lengths in the xy and xz planes are the
same in magnitude. Because of the relatively wide latitude in the z 
matching, it was assumed that the z acceptance could accommodate the
changes produced by assigning all the errors to the xz system. This
assumption proved true for the lens thickness, but grossly wrong for 
the focal lengths.
For each lens we have the relations, given in chapter I, that, 
for the convergent lens,
f = P sin ySL (3.50)
and for the divergent lens
fp = -p sinh yßL (3.51)
Values of the effective length for the three lenses were selected to 
be as small as possible without requiring excessive voltages (for a 
more complete discussion, see chapter IV). They are:
— 15.2 mm
= 25.4 mm
= 25.4 mm
The lens strength parameter ^  can be found graphically from either 
(3.50) or (3.5l) for a particular focal length, and then substituted
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in the other equation to find the focal length in the z plane. When 
this is done for each lens, our matching system is described by the 
following figures:
d iy = 89.0 mm dlz = 133.5 mm
f iy = 69.6 mm flz = -65.0 mm
d 2y = 269.0 mm d2z = 269.0 mm
f 2y = 127.6 mm f 2z = 136.0 mm
d3^y = 146,3 mm d3z = 146.3 mm
f3y = 64.6 mm f,3z = -56.0 mm
d4y = 90.7 mm d . 4z = 438.7 mm
Figure 44 demonstrates the effect on the z matching of the new focal 
lengths. Obviously, the change is much greater than had been 
anticipated. Once again recourse was found necessary to empirical 
and intuitional adjustments. As a consequence of these adjustments, a
satisfactory arrangement was achieved with drift lengths and focal 
lengths given by
diy = 89.0 mm dlz = 133.4 mm
fiy = 69.6 mm flz = -65.0 mm
d2y = 269.0 mm d2z = 269.0 mm
f2y 118.7 mm f2z = 127.6 mm
cL3y = 152.0 mm d-3z = 151.5 mm
f.3y = 68.7 mm f.3z = -60.0 mm
d . 4y = 98.6 mm d . 4z = 446.6 mm
The emittance in the zz' phase plane is now only slightly altered
fromi that in the original solution shown. in figure 43. Allowance %
has also been. made in these figures for the lens thicknesses, which
are, in fact, very small.
FIG. 44 MISMATCH DUE TO THIN LENS
APPROXIMATION
FIG. 45 MISMATCH DUE TO WRONG
ACCELERATOR EMITTANCE
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Construction of the new mass spectrometer was initiated with 
the above figures as a basis. However, while the fabrication was 
under way, the author, in the course of a review of the theory, 
discovered an error which necessitated a slight modification of the 
design. This mistake was in the nature of an incomplete application 
of phase space methods to the accelerator exit slit lens, and has 
been anticipated at the end of section 3.2.3. Figure 33 of that section 
shows the corrected emittance, while figure 45 indicates, in broken 
lines, the consequent mismatch in the yy' plane. As the correct 
parallelogram can be restored by further clockwise shearing parallel 
to the y axis, it is apparent that we need only increase the length of 
the final drift. The magnitude of the increase can be easily calculated
I
by noting that the upper right hand corner of the emittance in figure 
45 needs to be displaced .043 mm while drifting at an angle of .0169 
radians. A d ^ ,  the change in the fourth drift length, is therefore
found to be
A d .043 2.5 mm"4y .0169
With all corrections included, the final set of thin lens parameters 
used to build the new instrument were
doy — 89.0 mm dlz = 133.4 mm
foy -89.0 mm f 1 z = -65.0 mm
diy = 44.5 mm d2z = 269.3 mm
fiy - 69.6 mm f2z = 127.6 mm
d2y = 269.0 mm d3z = 151.5 mm
f2y = -118.7 mm f,3z = -60.0 mm
d3y = 152.0 mm d4z = 449.1 mm
3y
l4y
68.7 mm
101.1 mm
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In the xy plane several important changes have been introduced. First,
the initial emittance points define the emittance as seen within the
accelerator in front of the slit lens. The emittance is now thought of
as originating at point P, the same as the xz case (see figure 42)„
A drift length d^ equal to twice the distance from the filament to
the accelerator exit slit is the first ion optical element, followed by
the slit lens itself. The focal length of this lens is designated f ,
retaining the original numbering for the three quadrupole lenses. As
mentioned in section 3.2.3, f is equal to d in magnitude. Betweenoy oy
the exit slit and the first quadrupole lens is drift length d , which 
has been fixed already by the choice of h above. Note also that both 
d and d ^  have been increased by 2.5 mm. The final matching achieved 
after all corrections and adjustments had been made was negligibly 
different from that shown in figure 43.
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CHAPTER IV - DESIGN AND CONSTRUCTION DETAILS
In this chapter the separate parts of the new mass spectrometer 
will be treated individually. Brief comment will be made on particular 
design considerations or problems, and the operational performance of 
the various components discussed. Major conclusions concerning the 
central theme of this thesis, ion optical theory and practice, will 
be reserved until chapter V.
4.1 GENERAL LAYOUT OF THE MACHINE
The arrangement of the various components has been dictated by a 
number of considerations:
i) The choice of the particular analyser configuration used.
ii) The use of three quadrupole lenses as prescribed by the 
theoretical calculations in chapter III.
iii) A desire to have a horizontal layout giving maximum 
accessibility.
iv) The requirements of the vacuum system.
Figure 46 shows, in a simplified fashion, the arrangement finally 
chosen. For a more detailed picture of the flight tube, from source 
to collector, the reader is referred to figures 56 and 57 (fold-outs 
at the end of the chapter), which are reduced from full scale assembly 
drawings. Notable features are the location of quadrupole lenses 2 
and 3 in the main section of the vacuum system where they will not 
affect the source pumping speed, the deflector plates immediately in 
front of the collector slit, and the retardation lens between 
collector slit and faraday cup. All of these points will be discussed
in greater detail below.
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Because of the large number of sections required to permit 
access, tolerances on all machined flanges were held to less than 
0.02 mm and dowel holes were provided in each flange to ensure 
accurate alignment. During assembly, while source and collector 
housings are out of place, it is possible to check the relative 
alignment and location of the source and collector variable slits 
using a plumb-bob.
The support table was constructed from 3x3x| in aluminium angle, 
3xl-j in aluminium channel, and j in high tensile aluminium sheet for 
the table top. Support columns for the analyser were made from two 
thicknesses of the high tensile sheet and are bolted to the table.
The source and collector cradles and the electrometer support were 
also fabricated from high tensile aluminium and left free to slide on 
the table top. Disassembly is facilitated by this arrangement, which 
makes it relatively simple to open the vacuum system at any flange 
without disturbing the others. It also ensures that no large pieces 
of the housing are left unsupported during the operation.
It must be admitted that, despite the massive nature of the 
support table, it is not as rigid as had been hoped. This is 
indicated by the obvious beam fluctuations which result from 
accidentally bumping the table, even quite gently.
Plate I is a photograph of the complete instrument.
4.2 VACUUM SYSTEM
The design and construction of the vacuum system had two chief
aims:
i) Pressures in the flight tube such that beam scatter 
due to collisions with gas molecules would be small.
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This means ve need a pressure of better than 1x10 Torr.
ii) Rapid pump down of the source region after changing 
a sample.
A further constraint on the actual design was the wish to utilize, 
wherever possible, components available from a rather large stock of 
spare or dismantled equipment which was on hand in our stores.
Fabrication of the sections of vacuum housing was entirely by 
argon-arc welded stainless steel. Gold wire 0-ring seals were used 
wherever possible, the exceptions being the source access port and the 
pneumatic source isolating valve, where Viton 0-rings were used to 
facilitate rapid opening and closing. Additional exceptions were the 
Viton 0-rings above and below the liquid nitrogen cold traps in the 
pumping stacks. It would have been good practice to have gold seals 
above the traps, but the available equipment did not permit this.
To decrease pump down time, the analyser was designed to be 
maintained under vacuum while the source is let up to atmospheric 
pressure, hence the isolating valve mentioned above. The seat of this 
valve, which is removeable, is sealed to the body of the valve by a 
gold 0-ring.
The source pumping stack consists of an Edwards two inch oil 
diffusion pump (using Apiezon BW fluid) and liquid nitrogen trap and 
can be isolated from the source by a bakeable metal valve. This should 
provide a pumping speed of approximately 15 l/s at the source.
Pressure measurement is by a Bayard-Alpert gauge located just above 
the cold trap. Rough pumping of the source is by a separate, single 
stage, 1 l/s rotary pump which can be isolated by a j in metal valve.
This system has performed well. Pump down times from atmospheric
—6pressure are of the order of four minutes to 5x10 Torr and 15 minutes
—7 —8to 1x10 Torr. Ultimate vacuum is 2x10 after one or two hours.
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The analyser pumping system, located close to the pneumatic 
isolating valve to provide differential pumping, consists of a Dynavac 
four inch oil diffusion pump (also using Apiezon BW fluid) and cold 
trap. A pumping speed of about 120 l/s should be available at the 
point where the pumping line joins the flight tube. Because of the 
lack of a suitable valve, this stack cannot be isolated from the tube. 
This facility has been missed during testing of the machine, since it 
means that the liquid nitrogen trap must be emptied before air can be 
admitted to the tube, thus considerably increasing the time required to 
open up the system. Rough pumping for the analyser and backing for 
both diffusion pumps is provided bv a two stage, ll/s rotary pump.
Pressure measurement in the analyser is by another Bayard-Alpert
gauge located at the collector. After baking to more than 120°C with
-9heating tapes, the pressure at the collector reached 3x10 Torr. 
Standard operating pressures, after a half hour of pumping on the 
source, are in the range 1x10 to 3x10 Torr.
Because of the large (25.4 mm) diameter of the pneumatic isolating 
valve, required to avoid beam transmission losses, the conductance 
betwee.n source and tube was rather large. This could be seen in the 
source pressure dropping by a factor of 2 or 3 when the isolating valve 
was opened to permit the tube pump to act on the source region. At 
the same time the tube pressure would normally rise by a similar 
factor.
Finally, it should be mentioned that a leak detector, in the form 
of a Vacuum Generators Micromass mass spectrometer, has been built 
into the system. It has proved most helpful, both for detecting some 
initial leaks at gold seals, using helium as a probe gas, and 
subsequently by immediately indicating on several occasions that 
poor vacuum was due to 'virtual' leaks, mainly of water vapour,
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which could be cured by baking«
4.3 ACCELERATOR AND SAMPLE INTRODUCTION SYSTEM
The accelerator design was very similar to that used in the 
original quadrupole doublet source. Most of the changes made were 
concerned with improving its operation as part of the sample introduction 
system. As shown in figure 56 and plate II, access to the sample is 
through a hinged glass port. The sample bead is inserted into the 
quartz connector block and contact made by small screw connectors.
Spring clips hold the quartz block in place, while the bead is aligned 
by inserting guide pins into locating holes. The entire ionization 
region is readily removeable for cleaning. Three insert plates, one 
in the R plate at the top of the stack and two in the D plate below, 
can be taken out after loosening two cam clips and two screws. The 
operation of changing inserts takes only one or two minutes. No 
insulators need be touched nor is the alignment of the accelerator 
stack disturbed. No further disassembly of the inserts is required 
before cleaning except that the beryllium-copper springs should be 
removed before acid cleaning the stainless steel.
The system described above appears to work very satisfactorily.
Only one problem has been encountered and that has been solved fairly 
easily. At high filament currents, evaporated rhenium tended to coat 
the bead and produce a leakage path from the filaments to the R plate. 
Because of the large potential difference (750 V) between these 
points, the beam stability deteriorated badly as this conductance 
increased, and the ion energy spread greatly increased. This condition 
occurs in most cases where these beads are used, but because of the 
normally small potential differences, the effect is not so immediate 
nor so critical as observed here. The answer was to put a small
PLATE II VIEW OF SOURCE REGION
PLATE III SAMPLE BEAD WITH SHIELD
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shield, as shown in plate III, on the bead to intercept the rhenium,,
Figure 29 of chapter III shows the arrangement of the accelerator 
stack, consisting of five evenly spaced plates with the filaments 
between the first and second, counting from the top of the stack.
In order to produce a uniform field from filament to exit slit, the 
voltages applied to the electrodes are as listed below:
R Plate - 6000 V 
Filament - 5250 V 
D Plate - 4500 V 
Field Plate 2 - 3000 V 
Field Plate 1 - 1500 V
Since the instrument will be used primarily as a triple filament 
machine although the theory has been worked out only for a single 
filament arrangement, provision has been made in the voltage divider 
to bias the side filaments as much as 150 V above or below the center 
filament potential. This should permit the attainment of a good 
approximation to the optimum focussing conditions.
Stainless steel pillars inside quartz sleeving support the 
electrodes. Spacing and insulation between plates is provided by thick 
walled pyrex spacers ground parallel to within .01 mm in each set of 
four. This style of construction seems to be quite adequate to sustain 
the voltages in this source.
A discussion of the ion optical performance of the accelerator will 
be postponed until chapter V.
4.4 QUADRUPOLE LENSES
In section 3.3.2 it has been mentioned that the lens aperture 
half widths were chosen to permit unobstructed passage of the beam.
The values are as listed on the following page:
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a = 12.7 mm
a = 25.4 mm2 ,5
After this decision had been made it remained to select values for the 
effective lengths of the lenses. Criteria for the choice were that 
the lenses be short enough to act as thin lenses while long enough to 
require reasonably low operating voltages. As a compromise, the 
following effective lengths were used:
L1 = 15.2 mm
L0 _ _ 25 .4 mm2,3
Using equations 1.13, 1.14 and 1.15, it is possible to calculate the 
lens voltages needed to give the set of focal lengths given at the end 
of section 3.3.3. These potentials are:
V = 832 V
V2 = 1056 V
V3 = 2085 V
There remains the problem of finding the correct physical length 
to produce the desired effective length when the fringing field has been 
allowed for. Because the ratio of effective length to aperture was 
considerably smaller than for the previous lenses used in the quadrupole 
doublet, the author did not feel confident about using the same 
correction factor (equation 1.22). A search of the literature did not 
reveal any data pertaining directly to lenses as short as those desired. 
It was therefore decided to plot a curve displaying the available 
information and to extrapolate to shorter lenses. Figure 47 shows 
effective length L plotted against actual length 1, in units of 
aperture half width a. Included are points representing experimentally 
measured effective lengths for long lenses (Dayton et al (1954);
Septier (1961)), estimates used for quadrupole doublets in other mass
□ SEPTIER (I960  
■ DAYTON et al (1954) 
o GIESE (1959)
•  GOODRICH (1963)
▲ A.N.U. DOUBLET 
a A.N.U. TRIPLET
FIG. 47 EFFECTIVE LENGTH OF QUADRUPOLE
LENSES
FIG. 48 FORM OF LENS ELEMENTS
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spectrometers (Giese (1959); Goodrich (1963)), and the measurement 
made on the doublet source built here (see chapter I). These latter 
points appear to indicate a curve away from the straight line defined 
by the measurements for the long lenses. Values of the actual length 
needed to produce the desired effective lengths were taken from the 
extrapolation of this curve (shown by a heavy broken line). From 
this graph it was concluded that the dimensions of the lens elements 
should be
1 = 12.7 mm
1 „ _ 22.2 mm
 ^9 * —
Anticipating somewhat the conclusions to be discussed in chapter V, 
it may be said that the focussing system performs approximately 
according to the theory which has been presented here except in one 
significant respect: the lens voltages corresponding to maximum 
transmission are generally only half those predicted above. Typically, 
we find settings on the voltage divider indicating that the potentials 
are
V = 410 V
V2 = 570 V
V3 = 1250 V
Because the performance in all other respects suggests that the 
focussing conditions are close to the theoretical conditions, the 
most probable source of the discrepancy seems to be the estimation of 
the effective length of the lens. If one takes the calculated focal 
lengths of the individual lenses and the corresponding observed 
voltages, it is possible to calculate the effective lengths. The 
figures arrived at in this way are also plotted in figure 47. They 
fall approximately on the straight line through the experimental
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points for longer lenses. Apparently the points which lie to the 
right of the straight line are in error. Since the figures due to 
Giese and Goodrich are simply estimates of effective length, there 
is no particular surprise in the disagreement. In the case of the 
experimental datum derived from the earlier work in this laboratory, 
however, a definite contradiction exists which should be explained. 
Perhaps the most likely source of the trouble is the close proximity 
of the lenses in the original doublet which would result in 
interference between the fringing fields at the adjacent ends.
Septier (1961) suggests that if the spacing between neighbouring 
lenses is less than 5a, a serious perturbation of the fringing fields 
will occur. Since the spacing in the doublet was only 1.38a (17.5 mm), 
it may be assumed that significant interference existed. Furthermore, 
because the polarities of the lens voltages are opposed, this 
interference would act to decrease the measured effective length. No 
such problem exists in the new machine, as all lenses are well 
separated, hence there is no reason to disbelieve the observed results.
The radii of the lens elements were selected to be equal to 1.125a, 
as discussed in section 1.3, giving values of
R1 14.3 mm
R2,3 = 28.6 mm
In order to conserve space only segments of cylinders were used to form 
the electrodes. It can be seen from figure 48 that these should be 
sufficient to approximate the exact hyperbolic potential distribution.
Lens 1, in the source region, is mounted inside a cylinder which 
also serves to support the accelerator. The lens elements are 
mounted on insulators ground from Pyroceram, which was chosen mainly 
to avoid outgassing problems encountered with a less dense material 
such as pyrophyllite. The insulators are ground to a rectangular shape
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to fit into corresponding holes in the lens elements and the supports, 
thus making them self-aligning. Tolerances of better than .02 mm 
were achieved on the position of the lens elements. Plate IV is 
a photograph of the first lens in its housing.
The second and third lenses, having a larger aperture 
(a~ _ = 25.4 mm), had to be constructed in an even more compact form.
Pyrophyllite insulators are used to support and align the lens elements, 
which stand on a stainless steel base ring. Pyrophyllite was chosen 
because of the complex shapes to be machined and because slow outgassing, 
which would increase source pumping time, is of less concern for 
insulators located in a part of the system which is very seldom exposed 
to atmospheric pressure. The two lens assemblies mount directly on the 
flanges at either end of a single vacuum housing. Electrical connections 
are made directly to high voltage leadthroughs in the wall of the 
vacuum chamber after the lens has been installed. Once again, tolerances 
of better than .02 mm were specified to ensure that aberrations due 
to misalignment would be avoided.
It should also be mentioned that quadrupole lenses 2 and 3 are 
used to provide beam centering in the xy plane. By applying equal and 
opposite bias voltages to the opposing elements of a single lens, a 
transverse field can be created to deflect the ion beam. If an equal 
field in the opposite direction is applied at a second lens further 
along the beam path, the angle of deflection due to the first may be 
eliminated. In this way a sideways translation of the beam can be 
effected without changing the angle of entry of the beam into the 
analyser. The work of Ovsyannikova et al (1969) indicates that such 
an arrangement does not disturb the focussing properties of the lens 
system. Provision was made in the voltage divider for a potential 
difference of up to 100 V between opposing lens elements, with polarity
PLATE IV FIRST QUADRUPOLE LENS
0 5
1 ________ I __________ I  » » - 1
cm
PLATE V SOURCE VARIABLE SLIT
83
reversible to deflect the beam in either direction. In practice it has 
been found that this control is always set close to maximum deflection 
in one direction. The sense of the deflection required to center the 
beam suggests that the fringing field of the magnet may be sufficient 
to deflect the beams slightly before it reaches the source defining 
slit.
Finally, a facility was provided to use the final quadrupole lens 
as a 'beam off' switch by grounding one of the lens elements in the xy 
plane while leaving full voltage on the other. This arrangement has 
not proved satisfactory, The beam is certainly switched off completely, 
but when turned on again there is a delay of up to a minute before 
the beam regains its original intensity. The effect has also been noted 
on one other machine in this laboratory. A possible explanation, for 
the new instrument at least, is that there is poor electrical contact 
between the blades of the variable slit on which the deflected ion beam 
lands. Discharge of the accumulated charge would then take a finite 
amount of time. It is not unreasonable to suggest that such poor contact 
exists, since the blades are supported entirely on ball bearings which 
make, in theory, only point contacts. A solution would be to make a 
flexible connection with a short length of wire between the slit blade 
and ground. This will be done when the machine is next opened for 
servicing or alteration.
4.5 VARIABLE SLITS
Both the source defining slit and the collector slit were designed 
to allow continuous adjustment from 0 to 2.0 mm, with an error of not 
more than + .01 mm. The blades forming the slit edges are mounted 
on guide blocks running in ball tracks. Figure 49 illustrates the 
operating principle of the mechanism. Plate V shows the source
ACTUATOR
SLIT BLADE SPRING
YOKE
SLIT GUIDE
FIG. 49 OPERATING PRINCIPLE OF VARIABLE 
SLITS
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variable slit on its mounting. Each guide block contains an angled 
slot which mates with a pin on the yoke, A bellows sealed actuator 
moving in a direction perpendicular to the travel of the slit edges 
pushes on the yoke, which transmits the movement to the guides.
Spring loading in opposition to the thrust of the actuator was intended 
to eliminate backlash.
In operation the variable slits have proved disappointing.
Although the guides and yoke slide in ball tracks, both slits have 
jammed shut at least once. The trouble appears to be the pin and slot 
bearing sticking. A drop of pump oil (Convolex 10) alleviated the 
difficulty somewhat. Also, the stiffness of the bellows seal introduces 
forces which were not allowed for and which have permitted backlash to 
appear in the system. The result is that the zero position of the 
source slit may be in error by as much as .02 mm, as indicated by 
repeated zero calibrations by observing beam cut-off. For the collector 
slit the situation is worse. As the slit is closed the beam does not 
approach zero in a uniform fashion, nor is it possible to achieve 
cut-off without danger of jamming the slit. This may be due to some 
irregularity on the slit edge, binding of some moving part, or to some 
unpredictable balance of forces due to springs, bellows, and atmospheric 
pressure acting on the driving mechanism. In any event, it has proved 
necessary to calibrate the collector slit by measurement of peak shapes.
4.6 ANALYSER
The geometry of the arrangement of source, magnet and collector 
has been described in section 3.1.1. A layout similar to that of 
Wasserburg et al (1967), in which the beam is deflected through 68° by 
a magnet whose boundaries make an angle of 60°, was adopted. The
physical shape of the machine, the analyser tube in particular, was
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made to conform to the 68° deflection angle, while new pole pieces 
were made for the magnet to give it a nominal 60° sector field.
These pole pieces replaced those originally on the magnet when it was 
part of a 90° mass spectrometer. They were forged and machined from 
soft iron (.02$ C, .15$ Mn, .01$ Si, .02$ S) supplied by Plessey Rola 
Pty Limited. Pinal finishing was by surface grinding. When installed, 
the pole pieces were parallel to less than .025 mm in the longest 
dimension (235 mm). The gap width was 14.29 mm.
A carriage for the magnet was constructed which permitted 
independent adjustment of position by translation in two orthogonal 
directions, plus a rotation, in the xy plane. Also provided were 
levelling screws to position the magnet gap symmetrically about the 
analyser tube.
Before switching on the new machine the magnet was carefully 
levelled with respect to the tube using feeler gauges and located in the 
'correct' position relative to the source and collector slits. After 
a beam had been found, the magnet was shifted to give optimum peak 
shape as measured from chart recordings. The final magnet location 
was not far from the original one and the peak shape was rather 
insensitive to magnet position. Changes of the order of 1-2 mm were 
needed to produce noticeable deterioration of the shape.
In order to judge the analyser magnet performance in focussing 
the beam on the collector slit, it is necessary to have some estimate 
of the best that may be expected. To find this we can look separately 
at a number of factors contributing to the beam width:
i) Initial beam width at source defining slit;
W^ = 0.13 mm
ii) Spherical aberration due to angular divergence of 1°;
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iü)
iv)
W2 II
W 2 = 0.07 mm
Voltage drop across the filament due to a.c. heating
supply (approximately 2V at 4A - say IV across the
section where the sample is being ionized);
W A V3 - r V
W3 = 0.04 mm
Thermal energy distribution in the direction of
transmission of the beam (taken as 3/2 kT to include
99.7$ of the ions, with kT - 0.15 eV);
3kT
V4 “ 1 2V
W4 = 0.01 mm
Summing all these components one finds that the total beam width at the 
collector is not likely to be less than 0.25 mm. The minimum beam 
width at the collector, as measured from charts, was 0.3 mm. This is 
satisfactory, although not notably better than found with a conventional 
geometry.
Figure 50 shows a typical scan of the strontium spectrum (not 
including mass 84) without range changing.
4.7 POST-ANALYSER BEAM DEFLECTION SYSTEM
It was considered desirable to find a means of switching from one 
peak to another which did not involve changing either the accelerating 
voltage or the analyser magnetic field. Altering the first of these 
factors will involve voltage discrimination since, as shown in chapter 
III, the transmission efficiency is a function of the accelerating 
potential. On the other hand, to switch the magnetic field one must 
overcome difficulties with hysteresis, which can increase appreciably
M - 88
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the time needed to make the change and which restrict switching to 
a single magnetic cycle at a time« One possible way to get around 
this problem is to deflect the beams after they have been separated 
in the analyser. Because of the narrow range of masses normally 
studied (for instance, 84 to 88 a.m.u. for strontium) the beams of the 
different isotopes will all pass through the analyser tube without 
touching the walls. By placing two pairs of parallel plates in series 
along the beam axis between the analyser and collector slit, the beam 
can be deflected in a manner exactly analogous to that used to center the 
beam on the source slit, by applying equal but opposite potentials to 
dxametrically opposed pairs of plates. The deflected beam will then 
pass through the collector slit moving parallel to the axis of 
transmission. The is necessary because of the collimation by electrodes 
of the retardation lens, which might trim a beam passing through the 
slit at an angle.
There is, however, a difficulty with such an arrangement. As shown 
in figure 51 the beam being switched lies off the axis of transmission 
and, since the focal plane of the magnet is not perpendicular to the 
axis of propagation, as shown by trajectory plotting (Wasserburg 
et al (1967)), the beam when switched will not be focussed on the 
collector slit. It can easily be shown that, for a shift of two mass 
units at mass 86, the beam width should be increased by approximately 
.2 to .3 mm. In spite of this obvious degradation in performance, it 
was decided to include the deflector plates in the design on an 
experimental basis. It was hoped that the retardation lens, which is 
discussed in the next section, would reduce the peak tails to such an 
extent that the collector slit could be opened to accommodate the
enlarged beam.
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In practice the increase in beam width is approximately as 
predicted when the beam is deflected in the direction shown in figure 
51, but much greater if deflected in the opposite direction. No 
explanation of this lack of symmetry can be offered at this time.
Assuming, for the time being, that we can operate with deflection
in only one direction (this means resetting the magnet current to
measure the 84/86 ratio), let us try to analyse the capabilities of
the post-analyser switching system. Sweeps have been run with voltages
on the deflector plates set to give 0, 1 and 2 a.m.u. deflection at
mass 86. To measure the 87/86 and 88/86 ratios, the magnet current
would be set so that 86 is collected with no deflecting voltage.
Deflection by 1 a.m.u. would then bring 87 on the slit, and 2 a.m.u.
would do the same for mass 88. Under these conditions, the tail
correction t under mass n would be n
tQ , = 0.002 + 0.001 $86 —
tQ^ = 0.005 + 0.001 $
o  ( —
tgg = negligible
The requirement on the 88 measurement is that the collector slit be wide 
enough to transmit 99.99% of the beam. This would introduce an error 
of 0.005% in the 87/86 ratio (the error of 0.01$ in the 88/86 would be 
interpreted by the data reduction program as being due to fractionation 
and a 'correction' of half as much would be applied to the 87/86), which 
could be allowed for if not considered negligible. From scans using a 
0.67 mm collector slit it was estimated that a slit width of 1.15 mm would 
be needed to include 99.99$ of the beam when it has been deflected by 
2 a.m.u. With a slit this wide tails would be of the order of 2 times 
greater than those given above, viz.; 0.01$ for 87 and 0.004$ for 86, 
so the contribution to the error in the 87/86 measurement for a 1.15 mm 
slit would be 0.006$. This is not a serious disadvantage.
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The alternative possibility is to measure ratios 88/87 and 87/86, 
using only 1 a.m.u. deflection, This requires that the magnet current 
be shifted to bring 87 into the slit instead of 86 for the second
gy
ratio measurement. It also requires that the Rb be negligible.
However, this procedure would permit the use of a smaller collector 
slxt, and thus would have the advantage of smaller tails.
Plate VI is a view of the deflector plates in their support housing.
4.8 RETARDATION LENS
The use of a retardation lens (Freeman et al (1967)), or ion 
suppressor, has been known for some considerable time (Barnard (1953)).
By placing a potential barrier, slightly lower than the accelerating 
voltage, in front of the collector, it is possible to reflect ions which 
have suffered energy loss due to inelastic collisions and prevent them 
entering the faraday cup. In this way a large proportion of the low 
mass tail due to gas scatter can be eliminated. Abundance sensitivity 
can be improved significantly (Freeman et al (1967) report a factor of 70).
There is, however, another effect which accompanies the reduction 
of the tails: a narrowing of the effective width of the collector slit.
This results from the fact that, unless a grid is used, the potential 
across the ion suppressor slit is not constant but drops to a minimum 
at the center. Hence if the potential barrier at the center of the slit 
is to be just slightly less than the accelerating potential, the voltage 
on the suppressor slit must be higher. Ions passing through the slit 
at a distance from the center will encounter a potential greater than 
the accelerating voltage and be reflected, even though they have suffered 
no energy loss. In cases where the ability to vary the apparent collector 
slit width is wanted, this effect may be desirable. However, if the 
object is to achieve the widest possible flat top on the peaks, the
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slit narrowing is be avoided« Freeman et al sought to reduce or 
eliminate the slit narrowing by making the suppressor part of an 
electrostatic lens which served to focus the beam, after it had passed 
through the actual collector slit, on to the central suppressor slit.
This meant that the beam should be confined to that part of the slit 
where the transverse potential gradient is smallest. Hence the potential 
barrier can be set close to the full accelerating potential without 
trimming the sides of the beam.
It is obvious from the published results of the above workers that 
they have been only partially successful, in that they report a decrease 
in apparent slit width of a factor of two when operating with maximum 
abundance sensitivity. Furthermore, experience in this department with 
an arrangement like that of Freeman et al showed that the actual suppressor 
slit was so narrow as to interfere with the beam if the retardation lens 
was not in operation. It was therefore decided that an attempt should 
be made to remedy these deficiencies when designing a retardation lens 
for the new mass spectrometer.
The particular design objectives were, first, to focus the beam on 
to a narrow region at the center of the suppressor slit and, second, 
to make that slit as wide as possible without producing excessive 
transverse potential gradients across the beam. Figure 52 shows the 
lens configuration finally adopted. Approximate beam boundaries were 
estimated by, as suggested in appendix B, separately treating the slits 
as thin lenses whose focal length is given by the Davisson-Calbicks 
formula, and the regions of uniform field by calculating parabollic 
trajectories. The transverse potential gradient, shown in figure 53, 
was measured using a conducting paper simulation of the field 
distribution. Also shown are data for two other slit shapes considered.
The voltage drop across the slit is approximately 40 V. A range of
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from 0 to 75 V above the accelerating potential is provided by the 
voltage divider. Plate VII shows the retardation lens mounted on the 
end of the deflection system.
Figure 54 indicates a comparison between the contribution at mass
8887 due to scattered ions from the Sr peak, with and without retardation 
lens. In the case where the lens is operating, it has been set at the 
point at which a perceptible change in beam intensity is first seen. 
Without loss of either sensitivity or peak shape, an improvement in 
abundance sensitivity by a factor of 20 has been achieved. However, 
the comparison above may not be a fair indication of performance, since 
the tails appear anomalously high in the case where the retardation lens 
fs grounded. A more reasonable comparison would be between the tail 
under mass 87 in the scan shown, which is 0.004 + 0.001$, and the best 
achieved with the MS-X, a 15 cm instrument routinely used for strontium 
analyses. In this machine a tail of 0.03$ under 87 would be considered 
good, hence we have an improvement of a factor of 7.5 with the 
retardation lens in the new mass spectrometer.
4.9 COLLECTOR
In the original design of the collector, as shown in figure 57, 
provision was made for a shield around the faraday cup, extending 
beyond the vacuum seal to include the electrometer contact, which could 
be floated above the ground potential. This was envisaged as part of 
a future system of concentric shielding systems intended to decrease 
the input capacity of the electrometer system and thus to shorten its 
response time. During construction, however, difficulty was encountered 
in fabricating the large, multi-pin, glass to metal leadthrough seal 
shown in the assembly drawing. Since time was short, this feature of 
the design was simply abandoned. The floating shield and large
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leadthrough were eliminated and replaced by an extra flange containing 
individual leadthroughs for the collected current and for the electron 
repeller voltage. Unfortunately, the drawing has not yet been modified 
to show the change.
The resulting collector arrangement is quite simple and conventional. 
The faraday cup is large enough to ensure collecting the entire beam.
Its shape is such as to minimize its capacitative coupling to ground 
and also the emission of secondary electrons. An electron repeller, 
biased to -67i V, is located directly in front of the cup, and the 
whole assembly is enclosed in a grounded housing with access through a 
single slit.
In operation the collector appears to function satisfactorily, 
although when the machine is run without the retardation lens the tails 
at mass 87 due to mass 88 seems anomalously large, considering the good 
vacuum achieved. This has not yet been investigated, but may indicate 
a deficiency in the collector.
4.10 ELECTRONICS
Little innovation was attempted by the author in the electronic 
instrumentation of the new machine although both filament and magnet 
supplies contain original circuit design by others. Where possible, 
existing equipment was retained and, in cases where new units were 
required, the author was able to rely on the advice and assistance of 
Mr E. Penikis of our Departmental electronics shop. For reference 
purposes, the various major components will be briefly described below. 
High Voltage Supplies and Voltage Divider: Two high voltage d.c. power
supplies were needed to provide the accelerating potential (positive) 
and the quadrupole lens voltages (positive and negative). All the
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accelerator potentials and the positive lens voltages were taken from 
a Fluke Model 408B High Voltage DC Power Supply, which gives 20 mA at 
6000 V. The stability is + 0.005% per hour and the ripple less than 
5 mV peak-to-peak. Negative lens voltages are provided by a Hewlett- 
Packard Harrison 6110A DC Power Supply (-3000 V, 6 mA).
A voltage divider was designed to match the outputs of these two 
supplies to the requirements of the accelerator (see section 4.3), the 
quadrupole lenses (a range of + 50 to + 2850 V was provided for each 
lens, as well as voltage differentials of 100 V, for beam centering, on 
the horizontal elements of lenses 2 and 3), and the retardation lens 
(see section 4.8)f The construction was carried out by the Research 
School of Physical Sciences Electronics Shop.
Filament Supply: A current regulated a.c. supply, capable of giving
independent control of the heating current to each of the three filaments 
over a range of 0 to 6 A, was designed and built by Mr Penikis. It 
provides stability of within 0.005% of the current.
Magnet Supply and Control: These items were designed and built to our
specifications by Mr M.Gamlen of the Research School of Physical Sciences 
Electronics Shop. The supply was intended to drive two 1000 ohm coils 
wired in parallel. Stipulated performance was as follows; maximum current, 
600 mA; short term (one minute) stability better than 0.0025%; drift 
less than 0.005% per five minutes. An electronic sweep covering 10% of 
the current range was also included.
Figure 55 is a chart recording produced by adjusting the magnet 
current so that we are measuring half way up the side of the peak. It 
demonstrates the excellence of the performance of all the above 
components, since the indicated drift rate is less than 0.0005% per 
two minutes and the maximum short term excursion is less than 0.001%.
300 mV
A V - A M -  0.02%
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Electrometer: A Cary Model 31 Vibrating Reed Electrometer is being
used to measure the collector current. It is equiped with a turret 
switch containing resistors of 10^, lO ^  and 10^ ohms, with critical 
damping on the largest resistor. An alternative resistance switch, 
shown in figure 57, has been built for the new machine, but not yet 
installed or tried. It will use ten 10^ ohm resistors in series to 
make up the 10"*"^ ohm resistance, and change to the smaller value by 
shorting out nine of them. In this way it is hoped to avoid difficulties 
wdth voltage coefficients in the large resistors.
Digitizing Equipment; This system was inherited intact from the original 
MS-2 and consists of a voltage-to-frequency converter, a digital counter 
and a digital recorder. It has been described previously in a paper by 
Compston et al (1965).
Peak Switching Supply: Section 4.7 describes the experimental beam
deflection system. To provide the voltages to operate this system an 
additional d.c. power supply was needed. A Fluke Model 407B supply 
capable of giving 555 V was hooked up across a temporary fixed voltage 
divider in such a way that the center point of the divider was grounded 
and the output gave equal positive and negative potentials. To measure 
a ratio, the magnet current is first adjusted so that, with the deflecting 
supply off, one of the peaks to be measured is centered in the collector 
slit. Then the deflecting voltage is applied and set so that the other 
peak is centered. Peak switching can now be performed by simply 
switching the supply output on and off. As mentioned previously, it is 
not yet clear whether this system or one based on magnetic field 
switching will eventually be used but, whichever is chosen, a more 
sophisticated control, permitting pre-selection of a number of mass
stations, will be built.
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CHAPTER V - CONCLUSIONS
5.1 PERFORMANCE OF THE NEW MASS SPECTROMETER
In this chapter the performance of the instrument as a whole will 
be assessed. To begin with, in this first section we will consider its 
operation as a mass spectrometer, without reference to the ion optical 
theory developed in the previous chapters. Most of the aspects of the 
performance have been touched on in chapter IV, so this section will be 
largely.a summary.
First, the resolution is good, with a source slit of 0.13 mm giving 
a beam width of 0.3 mm at the collector, so that when running with a 
collector slit width of 0.63 mm, the peaks have wide flat tops. Peak 
shape is usually unsymmetrical and tends to vary somewhat with focussing 
conditions. This, however, is not surprising, since it merely indicates 
that the current density is not constant across the beam. There is no 
reason to expect that it should be constant, particularly for a system 
such as this, in which the beam is being focussed intensely on the 
source slit.
Abundance sensitivity is very good for a machine of this size, due 
to the use of the retardation lens. At mass 238 the abundance
—5 —6sensitivity is 5x10 , and at mass 88 it is 4x10
Stability is also very good, as described in section 4.10, due to 
the high standards of design and workmanship provided by the electronics 
staff»
From the point of view of the operator, the new machine is not 
particularly difficult to use. Sample introduction is simple and quick, 
and the system pumps down rapidly. The focussing controls are sensitive, 
but no difficulty has been encountered in finding a beam and optimising it
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However, the controls are dependent on the exact conditions in the 
ionization region, and any change of filament current requires a 
slight adjustment of the focussing to obtain maximum transmission.
There is a slight delay, presumably while thermal equilibrium is 
reached, before the control settings reach final, stable, values.
No attempt has been made to measure the absolute sensitivity of the 
instrument. Comparisons with other mass spectrometers are difficult 
because of the extreme dependence of ion emission with temperature. On 
the new machine, the filament can be sighted and the temperature measured 
with an optical pyrometer, but it is not convenient to do this with any
other instrument in this laboratory. However, based on a limited
number of trials, sample beads previously run on other machines give 
greater beams at lower filament current settings on the new instrument. 
This suggests that it has, in fact, unusually high sensitivity.
5.2 ANALYSIS OF PERFORMANCE OF INSTRUMENT AS A BEAM TRANSPORT SYSTEM
According to the theory developed in chapter III, the y-emittance 
of the beam should be such that the maximum semi-angle of divergence of
the beam entering the analyser tube is 1°. No mechanical collimation
should be required and when the machine was first assembled, none was 
provided. When the machine was turned on, using a triple filament bead 
loaded with RbCl, and a beam found (after some initial frustration due to 
a variable slit sticking in the closed position), it was immediately 
obvious that the beam at the collector was wider than anticipated.
By opening the collector variable slit and recording the beam current, 
it could be seen that approximately 90 per cent of the beam fell within 
a width of 0.3 mm, which would be reasonable (see section 4.6), while 
the remaining 10 per cent formed a tail giving the beam a total width 
of approximately 0.7 mm. On the assumption that the beam spread was due
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to ions having angular divergences greater than predicted by theory, 
it was decided that a collimating slit should be installed directly in 
front of the analyser entrance. This immediately resulted in an 
improvement in peak shape, the beam width at the collector now being 
0.3 mm. The 10 per cent of the beam lost by inserting the collimating 
slit falls outside the theoretically predicted emittance, but this does 
not seem sufficient cause to question the basic theory. A number of 
possible reasons for the discrepancy may be found, the first and most 
probable being the use of a triple filament bead instead of the single 
filament arrangement assumed in the theoretical work. A triple filament 
was chosen because, for the initial tests, a strong and stable beam was 
required. The presence of the side filaments would certainly disturb 
the uniform field in the filament region postulated in the theory. Also, 
some ions may originate directly from the side filaments. Other likely 
sources of high angular divergence might be mechanical misalignment of 
the center filament, failure to position it on the correct equipotential 
to produce a uniform field as required by the theory, or aberrations in 
one of the lenses.
To test the validity of the theory developed in chapter III, the 
transmission efficiency in the y direction was measured as a function of 
filament temperature. Since, in theory, the transmission losses in the 
z direction are negligible (less than 1 per cent), the y transmission 
efficiency should correspond to that shown in figure 31 in chapter III. 
The procedure adopted was to open the source variable slit until no 
further increase in beam intensity was obtained. This current was taken 
to represent 100 per cent transmission (with respect to the y direction). 
The slit was then closed down to 0.13 mm, as indicated by calibration of 
the drive screw, transmission optimised with the focussing controls, and 
the beam intensity recorded. This sequence was repeated several times
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for each temperature. An optical pyrometer was used to determine the 
temperature. The major difficulty in making these measurements was to 
get an adequate range of temperatures from single filament runs. It 
was necessary to use different samples and beads to get the desired 
temperature spread. Figure 58 shows a comparison of the experimental 
results with the theoretical curve. Error bars in the vertical direction 
indicate the experimental 2<TU limits on each measurement, where O'. is
"  r
the standard deviation of the mean. The horizontal bar is an estimate 
of possible error in temperature measurement due to non-black-body 
conditions and absorption by the glass window. A value of + 50°C was 
suggested by routine users of the pyrometer as reasonable for this error. 
Rb^SO^ was used as a sample for the measurement at 860°C, SrCO^ at 1140 
and 1230°C, and Re from the filament for the points at 1950 and 2000°C.
As indicated by figure 58, the results are very encouraging. The 
experimental points define a trend very similar to the theoretical curve, 
shown by a heavy line, although apparently displaced slightly in the 
direction of higher efficiency. Such a displacement could be simply due 
to error in the assumed source slit width, since as mentioned in section 
4.5, a zero error of 0.01 mm may exist in the slit setting. This would 
be sufficient to explain the shift. If, on the other hand, the increase 
in efficiency is real, it might indicate a departure from ideal 
Maxwellian conditions at the surface of the filament, or that the 
transformations produced by the focussing system are not exactly those 
considered in the theory. Assuming that the theoretical emittance is 
correct, a narrowing in the y direction should result in an increase in 
the angular divergence, and since such an increase has been observed, at 
least for triple filament beads, perhaps this last explanation is the
most likely.
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In view of the agreement with theoretical predictions of the 
experimental lens strengths (see section 4.4) and the transmission 
efficiency in the y direction, it seems reasonable to conclude that the 
beam transport system is performing the phase space matching approximately 
as predicted in chapter III. This in turn implies that, allowing for the 
portion of the beam lost on the collimating slit, the transmission efficiency 
is 50 per cent or more. However, because of the inability to ascertain 
the transmission efficiency in the z direction, this last inference 
concerning absolute efficiency cannot be considered as proven.
5.3 SIGNIFICANCE OF THIS WORK
At the time when detail design work on the new machine was begun, 
it was thought to be the first direct application of phase space concepts 
and techniques to mass spectrometry. Although beam transport theory has 
been widely used in high energy technology, the author found no references 
to it in any of the works on mass spectrometry or ion optics to which he 
referred. The text by Banford (1966) was, in fact, found in a random 
perusal of the library bookshelves. The applicability of the contents 
to the project at hand was recognized and a program of defining the 
problem in terms of the theory and finding a solution was undertaken.
Only after completing the theoretical work described in chapter III, and 
getting the practical design under way, did the author find that he had 
been anticipated by Loveless and Russell (1969) in appreciating the 
importance of the phase space approach. These authors also noted the 
Maxwellian nature of the initial velocity distribution of the thermal 
ions. At this point, however, the approach adopted by Loveless and 
Russell diverged from that reported in this thesis. They used trajectory 
plotting to find an electrode arrangement giving good matching in the yy' 
phase plane, whereas this w-riter used a more general approach permitting
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the derivation of the parameters of a focussing system from the conditions 
for matching emittance to acceptance in the yy' and zz' planes
simultaneously. Each method has its advantages, since trajectory plotting 
can handle complex electrode shapes for which the phase space 
transformations are unknown, while, on the other hand, existing computers 
preclude the application of this method to many three-dimensional 
problems. In this respect the general approach of dealing directly with 
phas-e space transformations has the advantage. Obviously, both methods 
can and should be used to complement each other in arriving at an 
understanding of the total performance of mass spectrometers or any other 
electron or ion optical device.
The logical extension of this work is the experimental and theoretical 
determination of beam emittances created by the different ionization 
processes, and the effect of variation of geometrical and other practical 
factors on the emittances. It should then be possible to optimise the 
emittances and to include within them all variations. That is, considering 
solid source instruments for example, the emittance could be defined to 
include all ions emitted under extreme variations of filament shape, 
location, and temperature. If, by increasing the accelerating voltage 
and using a magnet capable of second order focussing, one could provide 
an acceptance large enough to achieve complete transmission for this 
emittance, a number of significant advantages would follow. First, the 
stability of the system would be greatly improved so that only slight 
changes, if any, to the focussing controls would be needed. Obviously, 
this would be desirable from the operator's point of view. Another 
advantage to operating with maximum efficiency is that it should, in 
theory, be possible to reduce voltage discrimination below any required 
limits. This would provide another way to avoid magnet hysteresis and 
speed peak switching. Finally, if the area of the acceptance can be
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made larger than the emittances, it should be possible to approximate 
both by ellipses, which would enable a matching system to be constructed 
in the form of only two quadrupole lenses.
It can be seen that there are a great number of factors which can 
be considered when one seeks to improve the performance of a mass 
spectrometer, and that in this work only a few of these have been 
selected as variables. The reasons for the choices made have been 
pointed out, at least where the author was aware of having made a choice, 
in the course of this discussion. Other parameters must be studied 
before a complete optimization can be attempted. The major contribution 
of this work is felt to be the demonstration that beam transport theory, 
using simple system elements which can be represented by phase space 
transformations operating on the beam emittances, can be successfully 
applied to mass spectrometer design.
APPENDIX A CONDITION FOR FOCUSSING
For the sake of simplicity, in the following argument we will use 
as an example the case of a thin immersion lens formed by a circular 
aperture, and cylindrical coordinates will be used. Note that the z 
direction is now the direction of propagation of the ions, not a 
transverse coordinate as in the cartesian system used throughout the 
rest of this work.
Focussing may be thought of as taking all particles which originate 
at a single point on, or near, the axis of transmission, and changing 
their trajectories in such a way that they intersect each other at 
another point on or near the axis. If we consider only trajectories 
subtending small angles with the axis of transmission, then it can be 
shown (Grivet (1965), p. 49) that the transverse component of the 
electrostatic field in the lens must satisfy
the trajectory, or its projection, reaches the plane of the lens, as 
shown in figure 59. k(z) is a proportionality factor which may depend 
on z, but not on r.
We now wish to demonstrate that this condition will be satisfied 
for only a small portion of the total lens aperture. Suppose we 
consider a small cylinder about the z axis in the region of the lens, 
as shown in figure 60. From Maxwell's equations we have
E = -k(z) r r (A . 1)
Here r is the radial distance from the axis of transmission at which
div E (A.2)
which can be written as
(E'z 7Tt 2 E Tfv2 ) + E^ 2 7Tr A z  = 0z
E' Ez
r2 A  z
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In the limit of an infinitessimally small cylinder, equation (A.3)
becomes
(A.4)
Prom (A.4) it can be seen that the focussing condition (A.l) will be 
satisfied only if Ez is independent of r. It is apparent that this 
condition cannot hold over the entire region of the aperture forming 
the lens, but only for a small region close to the z axis. Equation
the radial field and neglecting terms of order higher than the first.
those applied in the above derivation: small angles and trajectories close 
to the axis (see Grivet (1965), p. 57).
The purpose in using the divergence theorem, equation (A.2), to 
establish the limitation on the focussing region of the aperture lens 
becomes apparent when we consider the quadrupole lens. As shown in 
figure 61, in the quadrupole lens we have two orthogonal transverse 
field components, equal in magnitude but opposite in direction, making 
it possible to satisfy (A.2) throughout the entire region of the lens 
aperture. In a fashion analogous to that used above, it is possible to 
derive separate focussing conditions for the two transverse directions:
(A.4) is the same as arrived at by performing a series expansion of
The (Gaussian) conditions required to eliminate these terms are just
Ey -k(x) y (A.5)
E z - -k(x) z
This large aperture is one of the most useful attributes of the
quadrupole lens.
APPENDIX B PARABOLIC TRAJECTORIES AND SLIT LENSES
From figure 62 it is possible to show that the equation of motion 
of a singly charged ion of mass m, in a uniform electric field is 
2
x = eE y
2m v  ^Sin 0 
o
+ y cot 0 (B.l)
which is the equation of a parabola. By a process of completing the 
square, equation (B.l) can be written in standard form
mv  ^Sin 0 Cos 0 « 2mv  ^Sin^ 0 mv  ^Cos^ 0
O  - - 2— ^ ------ > = — 1hs-----  (x + 2^eE----> <B'2>
from which it can be concluded that the vertex of the parabola is given
by the coordinates;
2 2 mv Cos 0 o
y
2eE
mv Sin 0 Cos 0 
o
(B.3)
These terms become negligible and the vertex may be taken to lie at the
2mvorigin when the initial velocity is small: viz., when o 1. In
eE
this special case, which is valid for most of the present purposes, 
equation (B.2) becomes
_ 2mv  ^Sin^ 0 2 oy = --- r?-----  x (B.4)
y = v Sin 0 J o v eE (B.5)
By differentiating with respect to x, it is easily shown that the slope 
of the trajectory at x = d is 
v Sin 0lLxdx J eEd (B.6)
B2
Hence the equation for a straight line tangent to the trajectory at 
x = d is
2y
v Sin Q o
/eEdJ 2m + A (B.7)
where A is the x intercept. To find A we substitute equation (B.5), 
with x = d, and get
A = -d (B.8)
This very useful conclusion is of considerable significance in this work.
Turning to the effect of slit lenses of these parabolic trajectories, 
it is apparent that the formula for the focal length, given by Davisson 
and Calbicks (1931),
E - E b____ a
2V (B .9)a
cannot generally be coupled with the thin lens equation in a simple 
fashion. Obviously, for instance, the distance from filament to slit 
cannot be taken as the object distance. In general, the only feasible 
way to handle the problem is to calculate trajectories as segments of 
parabolas in the uniform field regions, and treat the lens separately, 
as in matrix optics.
However, there is a case, of special interest in this work, which 
can be treated using the thin lens equation. This occurs when, as 
illustrated in figure 63, ions are emitted into a uniform field, 
accelerated to a slit lens, and emerge into a field free region. For 
the object distance we can take the trajectories as having travelled in 
straight lines with object distance 2d, and in the field free region 
the trajectories will be straight lines in any case. The thin lens 
equation then becomes
1
u v (B.10)
FILAMENT
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B3
or, substituting E = 0? E = V /d and u = 2d, we find the imageD 3, cl
distance from
1 1 _ 1
2d 2dv
(B.ll)
v = -d
In other words the slit is a divergent lens of focal length -2d, 
producing virtual image at -d, the location of the filament. Referring 
again to figure 63, it can be seen that the angle the trajectory make 
with the axis after passing the lens is
O' Xd - 20 (B.12)
(provided both 0 and 0' are small).
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